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FOREWORD 

A marked increase of interest, in mechanics as applied to 
engineering is noticeable in technical circles as well as in the 
engineering -colleges. A number of schools have introduced 
recently more extensive courses in theoretical mechanics. There 
is a distinct trend toward a more mature and comprehensive 
presentation of this important subject. The course in mechanics 
usually offers the student the first opportunity to apply his basic 
training in mathematics and physics to problems of a practical 
character. 

The exposition of the principles and theorems of mechanics 
is of little practical value to the student unless he is constantly 
exercised in their application to actual problems. Only by this 
means can mechanics become a working tool for the future 
engineer. 

This volume contains a collection of problems covering statics, 
kinematics and dynamics, arranged in a systematic way. The 
problems are preceded by a brief concise outline of the theorems 
which are used in their solution. The outline is not intended to 
take the place of an extended exposition of the subject, but is 
merely offered for convenient reference. 

The first part of the collection covers problems in plane and 
space statics. The section on plane statics includes a number of 
problems on trusses and cables; problems on friction are segre- 
gated in a separate group, since this subject seems to present 
special difficulty to students. Problems on the first and second 
moments of areas are included in the section on centers of gravity. 

The second part of the collection covers the kinematics of a 
point and the kinematics of a rigid body, in rotation about a fixed 
axis and motion parallel to a fixed plane. These are followed by 
problems in relative motion of a point and in composition of rota- 
tions of a rigid body. 

The first sections of the third part- of the problems cover the 
application of the differential equations of Newton to the motion 
of particles and to rotation and plane motion of rigid bodies. 
The following sections contain problems involving the application 
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of the principles of work and energy, impulse and momentum, 
and motion of the center of gravity Special sections on bearing 
reactions, vibration and oscillation, and impact are included A 
table of units and trigonometric functions is added for convenience 
This group of problems grew out of the collection published 
by the late I V. Mestchersky, of the Polytechnic Institute of 
St Petersburg In assembling the original collection, Mest- 
chersky had the collaboration of his many assistants, among 
'whom were engineers of prominence in various fields Two of 
these collaborators, Professors S Timoshenko and B A Bakh- 
meteff are well known to American engineers It was Mest- 
chersky’s desire for many years to see his problems translated 
into English While the present collection is based on Mest- 
chersky’s work, it differs from it in several respects The original 
problems were reworded to suit American practice, which involved 
changing the umts and numerical values from the metric system 
They were issued by Columbia University in this form In the 
present volume the problems were rearranged and their number 
was increased by 40 per cent The added problems are of inter- 
mediate difficulty, a type which was not well represented in the 
original collection (Several of these problems were taken from 
the files of Professor C H Burnside, of Columbia University ) 
The theorems of mechanics did not exist in the original 

The problems are of a wide range of difficulty A certain 
number of typical problems about 10 per cent of the total, are 
furnished with solutions This was done to suggest to students 
a method of attack which they can follow to advantage in handling 
the rest of the problems Answers to nearly all problems arc 
given Much care was taken m checking the correctness of the 
solutions and answers However, the authors realize that errors 
will exist They will appreciate any assistance which readers 
maj render in pointing out detected errors 

Tor the corn enience of instruction, many problems in statics 
as well as m dynamics, include the suggestion that the several 
methods available for solution should be applied 

G B Kakeutz 
J Ormovdhoyu 
J M Gaiuielts 


April 1939 
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PART L STATICS 


rUNDAMKNTAL PRINCIPLES 

1. A force has magnitude, direction, and a point of application. The 
force can be represented by a vector which indicates the direction, and 
whose length may represent the magnitude of the force to a chosen scale. 

2. Two forces applied to a rigid body (or a particle) are in equilibrium 
when they are equal in magnitude, opposite in direction and act along 
the same line. 

3. The application of any system of forces in equilibrium to a rigid 
body does not in any wa3 r affect the state of rest or motion of that body. 

3a. In a rigid body the point of application of a force may be shifted 
along the line of action without changing the effect of the force. 

4. Whenever a body exerts a force on a second body, the second 
body exerts an equal and oppositely directed force on the first body. 

4a. Where a body rests on supports, the supports may be replaced by- 
reaction forces acting on the body at the supporting points. 



Fig. 1 


5. Two non-collinear forces acting on a 
particle are equivalent to a single resultant 
force. The magnitude and direction of this 
single force are represented by the diagonal of 
a parallelogram constructed on the two forces 
(Fig. 1). 


PLANE STATICS 
Composition of Concurrent Forces. 

6. The resultant of several collinear forces acts along the same line 
and is equal to the algebraic sum of the forces. (The forces acting in 

W one sense are taken positive and 
7 those in the opposite sense negative.) 

F ^ The sense of the resultant is indicated 

— ^Resultant ^ by the algebraic sign of the sum. 

p 7. The resultant of several con- 

current forces is the vector sum of 

\ Resultant , 

7T\ *3 all the forces. The vector drawn 

from the origin to the tip of the last 
* 2 arrow in the force polygon (Fig. 2) 

represents the resultant. The re- 
sultant passes through the point of concurrency of the forces. 

3 
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16 A system of parallel forces is m equilibrium when the algebraic 
sum of the forces and the algebraic sum of the moments of the forces 
about any point in the plane of the forces are both equal to zero The 
conditions of equilibrium are 

ZF *= 0, 23/ — 0 (about any point) 

Graphical Composition of Non-concurrent Coplanar Forces. 

17. When the "space diagram” for the forces (a scale drawing show- 
ing the lines of action of the forces in their true relativ e positions) is 
given, Fig 9(a) and Fig 10(a), the line of action of the resultant can 
be found by a graphical construction Construct the force polygon 




ABODE The magnitude and direction of the resultant force are repre- 
sented by the vector AE Choose arbitrarily a pole 0 and draw rays 
from O to A, B, C, D, and E, Figs 9(b) and 10(b) Through any point 
k on the force Fi (ab), draw a line kl parallel to the ray OB to an inter- 
section with the force Ft (be) at point l Similarly draw lines Im and mn, 
parallel to the rays OC and OD From the points k and n draw lines ks 
and nl parallel to the raj's OA and OE The resultant R passes through 
the point of intersection p of these two lines 

17a- If the force polygon closes, the resultant force is zero The 
final lima ks and nt are then parallel to each other, and E coincides with 


PLANE STATICS 


/ 


A. The resultant couple is equal to a force represented by the length of 
ray AO (or OE) times the perpendicular distance between lines J:s and nt. 

IS. It is necessary and sufficient for the equilibrium of a coplanar 
force system that the force polygon, Figs. 9(b) and 10(b), closes and 
that the final lines hs and nt in the space diagram, Figs. 9(a) and 10(a), 
coincide. 


Algebraic Composition of General Coplanar Forces. 

19. In any coplanar system of forces the component of the resultant 
parallel to any axis ATY is equal to the algebraic sum of the a -components 
of all the given forces. Using two rectangular coordinate axes to deter- 
mine the magnitude and direction of the resultant, we see that the x 
and y components of R will be (Fig. 11) : 


R S = 


S x 


sme =-^, 


~F r , 

or 


R = V JV -f R,\ 

tan 6 — • 


The line of action of the resultant is determined by the principle of 
moments. The moment of the resultant R about any point A in the 
plane of the forces is equal to the algebraic sum of the moments of the 
given forces about A. The moment of R about A is 2Af c . 

19a. If the reference point A is chosen at the origin 0 and if for the 
forces Fi, F : , •••,F r ., respective points (x u y0, (x : , y 2 ) ••• (x r ., yF) 

in their lines of action are known, the moment 
Mo is: 

Mo = (Fi~-xi - Fu'Vi) 

-r (F; 7 -x- - Fir-y.) -f • • • 

+ (F, y -r„ - F r ,.y„), 7 0 - 

Fig. 11 R 



20. Any system of coplanar forces can be replaced by the single force 
R passing through any point A in the plane and a couple whose moment 
is equal to I>M C . The force R is the same for all points in the plane but 
SAT C depends on the location of the point A. 

20a. If the force R is equal to zero, the resultant is a couple of moment 
SJ/ C , which in this case is independent of the location of the point A. 

21. It is necessary and sufficient for the equilibrium of a coplanar 
force system that the resultant force be equal to zero, and the resultant 
moment about any point in the plane of the forces be equal to zero: 

ZMc = 0. 


2F = = 0; 


ZF r = 0 ; 
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STATICS IN SPACE 
Concurrent Forces in Space 

22 The magnitude and direction of the resultant of several con 
current forces in space are gi\ en bj the closing side of a space polygon of 
forces The line of action of the resultant passes through the point of 
intersection of the component forces 

The component of the resultant force !?„ parallel to anj axis NN is 
equal to the algebraic sum of the components of the gi\ en forces parallel 
to NN 

R» ~ Fm + Fin + Fm + Fm + • = ZF n 

23 The resultant of *«ea eral concurrent forces is U'mallj obtained bj 
taking anj three perpendicular axes 0\, 03”, 02, and finding the com- 
ponents of the resultant parallel to these 
axes The x, y, z components of each 
gi\ en force F (Fig 12) arc gi\ en bj 

F m — F cos a, F t ~ F cos P, 

F, ~ F cos 7 , 

where a, P, y are the angles between the 
force F and the x, y, and 2 axes, rcspee- 
tnclj The cosines of these angles arc called the direction cosines 
They are related by the equation cos* « + cos’ p + cos s y = 1 If points 
A (x», y„ r.) and B (x», y t , si) are two points on the line of action of 
the force F, the direction cosmos of the line AB arc 


|r 



cos « = 


— X, 

L ’ 


COS P = 


1 /* - Va 

L ' 


v,hero _ 

L = V(x» - x«) s + (y» - y.y + 
The components of the resultant are 

R, = ZF„ R, = zF„ R, 
The magnitude of the resultant is 
R = 

Its direction is determined by 


(=* - r.) s 


, = -F, 


coactR cosPr-^, cos y R = 

23a. Concurrent forces m space are in equilibrium when and onl) 
when 

2F, *= 0, ZF, = 0, 
that is, when the resultant is zero 


ZF, = 0, 
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Couples in Space. 

24. Any couple acting on a rigid body can be replaced by another 
couple acting in a plane parallel to the plane of the given couple, pro- 
vided the moments of both couples are equal in magnitude and have the 
same sense. 

A couple may be represented by a vector normal to the plane of the 
couple. The magnitude of the couple is represented by the length of 
the vector to an arbitrary scale. The direction of the vector is such that 
the moment is clockwise looking in the direction in which the vector 
points. 

24a. A system of several couples is equivalent to a resultant couple, 
the vector of which is the vector sum of the component couples consid- 
ered as vectors. 

25. The moment of a force AB with re- 
spect to an aris NX (Fig. 13) is equal to the 
product of the projection A'B' of the force 
on a plane P normal to the axis NX, and the 
perpendicular distance OS between the axis 
and the line of action of the projected force 
A'B'. OS is equal to the shortest- distance 
between XX and AB. The vector OK of the 
moment is parallel to the axis A~N. 

25a. If a force F passes through a point x, y, z and has components Fr, 
F. , and F r , Its moments about the coordinate axes OX, OF, and OZ are: 

-If- = y-F- — z-F 7 ; 31. = z-F- — x-F z ; M z = x-F 7 — y-F-. 

26. A force F in space acting through a point K can be resolved into 
an equal force acting through any specified point A (fig. 14) and a couple 

lying in the plane contain- 
ing the force and the point- A. 
The magnitude of the couple 
is equal to the product of the 
force and the perpendicular 
distance h from the point A to 
the line of action of the force. 
Taking three rectangular co- 
ordinate axes X, F, and Z 
through the point A, the force 
at A has the same axial com- 
ponents as the original force: 

F- = F cos a. Fj. = F cos jS, F, — F cos y. 



Fig. 13 
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The moment vector M of the couple has axial components 
M? = y F, — 2 F m M v — z F t — x F„ M t = x F v — y F„ 
where x, y, z, are the coordinates of point K 


General Case of a System of Forces in Space. 

27. Any system of forces can be reduced to a resultant force acting 
through a specified point and a resultant couple Taking three rectan 
gular coordinate axes X, Y, and Z through the specified point, the com- 
ponents of the resultant force will be 

R, = F u + F u + F u + = 2 Ft, 

Hi 8=5 Fig *t' Ftg ■+■ — 2! F vt 

R, = Fu + Fu + “ 2F „ 

R = V72,* + RJ + R 

Rt a Ry 72 . 

COS a R = -g- » COS 0 R = -ft’ cos yn-'R 

The axial components of the vector representing the resultant couple 
are given by the formulas 

C, = Mu + Mu + = 2 M„ 

Cg = Mig + Mtg + = ZM V , 

C, — Mu + Mu + = ZM. 

The magmtude of the resultant moment is 

C = VCV + c,* + C , 2 

The resultant couple C hes m a plane which is perpendicular to the 
moment vector whose direction cosmes are 


cos air 


C. 

c’ 


COS fist — "7? 


C ' 


27a The resultant force R is the same for all reference points A in 
space, but the resultant couple depends on the location of the point A 
If the resultant force 72 is zero, that is, if 72., = 72, « 72, — 0, the 
resultant couple has the same value for any reference pomt in space 
28 It is necessary and sufficient for the equilibrium of any force 
system that the resultant force and the resultant moment both be equal 
to zero The conditions of equilibrium are expressed by the six 
equations 


72, = ZF. =0, 72, - ZFy = 0 72, = ZF. = 0, 

C, - ZM, = 0, Cg — ZM t = 0, C. - ZM. = 0 
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28a. In analyzing a system of forces in equilibrium, use is made of 
the fact that in such a system the algebraic sum of the components of 
all the given forces parallel to any axis is zero, and the algebraic sum 
of the moments of all the given forces about any axis is zero. The 
proper choice of reference axes simplifies considerably the necessary 
computations. 

Simplest Equivalent Forms of Force Systems. 

29. A system of forces is equivalent to a couple when the resultant 
force is zero, that is, when R. = R.j = R. = 0. 

30. A system of forces is equivalent to one resultant force when the 
resultant couple C is either zero (C- = C 9 — C : = 0), or acts in a plane 
parallel to the resultant force R (the vector C is normal to the force R). 
In the latter case, the equivalent force is found as shown in § 14. When 
the force R and the vector C are perpendicular, the following relation 
exists between their direction cosines: 

cos as • cos asr -f- cos Pr- cos Pit -f- cos ys-cos yji = 0. 

31. When both the resultant force and resultant couple are not zero, 
the system of forces can be reduced to two forces. This can be ac- 
complished by resolving the resultant couple into two equivalent forces, 
and combining one of these with the force R. 

31a. The system can always be reduced to a force and a couple acting 
in a plane normal to the force. The system is then said to be reduced 
to the “canonical form.” 

The method of reducing a system to the canonical form is as follows: 
Find the resultant force R and the resultant couple C for an arbitrarily 

chosen system of coordinate axes. 
The force R is represented by 
the vector OA and the couple C by 
the vector OD (Fig. 15). Resolve 
the couple C into components 
OF = C» acting along OA, and 
OE = Ci perpendicular to OA. 
Replace the couple Ci, which is 
equal to C sin (Z C, R ), by two 
forces OB and O'G, making both 
equal to R, with the perpendicular distance between their lines of action 
equal to 00' = Ci/R. 00' is perpendicular to the plane AOD. OA and 
OB balance each other, and the system is reduced to a force O'G = R 
and a couple OF — C- lying in a plane perpendicular to the force O'G. 
The line of action of O’G is called the central axis of the system. The 
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couple Cj of the system of forces for this axis is the smallest resultant 
couple possible 


CENTER OP GRAVITY. FIRST AND SECOND 
MOMENTS 


Center of Gravity. 


32. The resultant of the distributed gravity forces acting on all 
particles of the body, irrespective of the orientation of the bodj, passes 
through a point called the center of gravity of the body For every 
position of the body, the algebraic sum of the moments of the distributed 
gravity forces with respect to any axis passing through the center of 
gravity is equal to zero 


33 If a body can be divided into several parts, such that for each 
of these parts the weight xc t and the coordinates x„ w„ z< of the center of 



gravity are known (Fig 16), 
then the coordinates x, ft 2 of the 
center of gravity of the entire 
body are given by the following 
equations 

_ Sj.-i a 

X 



8 XZi,Ci 
5 =-- 


where IF = Ztr< is the weight of the entire body 


34 When the specific weight (?) at any point can be expressed as a 
function of the coordinates, the center of gravity can be found by the 
following equations 



where V is the v olumc of the body (Fig 17) 
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35. When the density is uniform, the above equations become: 



Centroid. 

36. The point given by the equations of §35 is the centroid of 
the volume of the body. For a bod}- of uniform density the center of 
gravity coincides with its centroid. 

37. The coordinates of the centroid of a plane area with respect to 
axes lying in the plane of the area are given by the following equations: 


x = 



y - 



ri 



37a. When the total area can be 
divided into parts (Fig. 18), such that 
for each part the area A,- and the loca- 
tion of the centroid are known, then the 
above equations become: 



V = 


A 


p IG 1S 38. When a body has a point, a line, 

or a plane of symmetry, the centroid 
of the body is at the point, on the line, or in the plane of symmetry. 
This is also true for a plane area. 


First Moment of Area. 


N 



39. The first moment of an area A with respect 


W) to any axis NjV is the integral j s-dA, where 


S IS 


Fig. 19 
respectively, 


the perpendicular distance from the axis NN to the 

x element of area dA (Fig. 19). With respect to the 
coordinate axes X and Y the first moments are. 


2s = J' y-dA = A-y, Q v = J' x-dA = A-x. 

Second Moment. Moment of Inertia. 

40. The second moment of the area -4 (Fig. 19) with respect to axis 

A -Y is the integral J' s^-dA. This second moment is commonly called 
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the moment of inertia of the area With respect to the coordinate axes 
X and Y the moments of inertia are, respectively, 


!• “ J y* dA, 


I, = Jx’ iA. 


40a The moment of inertia of an area with respect to any axis is 
equal to the sum of the moments of inertia of its parts with respect 
to the same axis 



41. The moment of inertia of an area (Fig 
20) with respect to any axis K'K' in the plane 
of the area, is equal to the moment of inertia 
of the area with respect to an axis KK parallel 
to K'K' and passing through the centroid of A, 
plus the area of A times the square of the per- 
pendicular distance d between the axes 


Product of Inertia. 



Ik' = lk + Ad 1 

42 The product of inertia of an area A with 
respect to coordinate axes X and Y which he in 
the plane of the area, is given by the integral, 


L xy 


dA ■■ 


(Fig 21) 


43. The product of inertia of area A with 
respect to coordinate axes A' and F is equal to 
P*y = Pn v + Axy, where P x , is the product of inertia of area A 
with respect to axes X' and I ', passing through the centroid of the 
area and parallel to axes X and Y, and where z and y are the coordi- 
nates of the centroid of area A 



Fio. 22 


u 


X 


44. The moments of inertia of an area A with re- 
spect to axes U and V inclined at an angle 0 to 
axes X and Y (Fig 22), are, respectively 

I* — I , cos’ 0 + I v sm* 6 — 2P*y sin 0 cos 0, 

In — Im sm* 0 + Iy cos* 0 + 2 P,„ sin 0 cos 0 

The product of inertia of area A with respect to axes 
U and V is 


P«. = \{I, — /,) sm 2d + P„ cos 20 



PART II. KINEMATICS 

MOTION OF A POINT 

Path. 

46 The line traced by a point in motion is called the path of the 
point When the path is given, the motion is completely defined if 
the distance of the moving point measured along the path from a fixed 
point on the path is known for every instant t The relationship be- 
tween s and t may be expressed analytically s = f{t), or graphically 

47 If the positions of a mov- 
ing point are expressed by three 
coordinates x, y, and z os functions 
of the time t, the path is com- 
pletely defined by the three equa- 
tions x ~ /i(0, y = /i(0» * = /«(0 
(Fig 23) Eliminating t from 
these equations, the projections 
of the path on two coordinate 
planes are obtained, for example 

V = vKx)> 2 = #(x) These two equations define the path as shown in 
Fig 23 

48 When the point mo^ es in a plane two coordinates determine tbe 
motion, for example x = /i(t) and y =* f t {t ) Eliminating t from these 
expressions, the equation of the path y = <p(z) is obtained 
Velocity of a Point. 

49. The displacement of a point during a time interval At ~ k — ht 
is the vector distance PiP* = As between the positions of the point at 
the beginning and end of the time interval 
(Fig 24) 

50 The average velocity for a time interval 
Al is tbe ratio of tbe displacement to the time 
interval, AsfAt The velocity at any instant is 
v = dsfdl The velocity for any position of tbe 
point is directed along the tangent to the path at that point and is m 
the direction of motion The velocity is a vector quantity Its mag 
mtude is called the speed of tbe point Velocities can be added and 
subtracted by adding and subtracting their v ectors 

51. If the motion of a point is defined by the relations x = /»(0» 

V =/«(0» z — ft (Ot the projections of the velocity of the point on the 
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coordinate axes are 


r==§ = M0, 





=mo. 


The magnitude of the velocity is r = v'r/ -p v/ -f r_--. The direction 
of the velocity (and of the tangent- to the path) is given by the direction 
cosines: 



cos ( Z r, OX) — v-fc, 
cos ( Z r, OF) = v~[r, 
cos ( Z r, OZ) = vJv. 

51a. In plane motion: r- = dxfdi =//(<)» 
r- = dy/df = r = %V-- -f- r/, and 

cos (z r, OX) = r./r, cos (Z r, 01*) = r.Jv 
(Fig. 2-5). 


Acceleration of a Point. 


52. The average acceleration during a time interval Af is the ratio 
Ar/A% where Ar is the change in velocity for the interval (Fig. 26). 

The acceleration at any instant is the 
time rate of change of the velocity (the limit 
of Ar/A t as Af approaches zero). Accelera- 
tions can be added or subtracted by adding 
or subtracting their vectors. 

53. In rec tilin ear motion the acceleration 
is directed along the path of motion; its 
magnitude is a — dcjdt = cfcsJdC- = /"(f) , where s = /(f). 



34. If the motion of a point is defined by the relations x = /i(f), 
V = /i(f). z = / ; (f). the acceleration a of the point can be found from 
its components, which are 




dt- J - 




and its magnitude is a = Vc-* -f- a?- -p a--. The direction of the accel- 
eration is determined from the direction cosines 


cos (z c, OX) = — j cos (Z c, OF) = —j cos (Z a, OZ) = 
a a a 

54a. For plane motion the equations are x = /i(Q. v — /sCO.* 
<F- = dM/dF = /,"(f), a- = dT-u[dP => /-"(f), a = Vo? T a/, and 
cos ( Z a, OX) - a-/a. 



18 


KINEMATICS 


Normal and Tangential Accelerations 

55 For curvilinear motion of a point on a plane when the path is 
known and the motion is defined by & — f(t), the acceleration may be 
determined by two components the tangential component at = dijdl 
= drs/dt 2 , and the normal component a„ = v 2 /p, where p is the radius of 
curvature of the path at the point 

55a In the case of a point moving with a constant speed von the or 
cumference of a circle of radius R, the acceleration is v-JR and is directed 
toward the center of the circle (centripetal acceleration) 

55b The total acceleration of a point Af (Fig 27) moving along 
any path ss lies always in the plane PP passing through the velocity 
vector of the point, i e , through 
the line TT tangent to the path 
at M } and through the center of 
curvature Q of the path (The 
osculating plane of the path at 
M ) The radius of curvature 
QAI = p is normal to the tan 
gent TT The total acceleration 
a - Va, 1 + a„ 2 *f a,* can be re- 
solved into two components one, 
a t , directed along the tangent TT 
and called the tangential acceleration, the other, a„, directed toward the 
center of curvature Q and called the normal acceleration The tan 
gential acceleration gives the rate of increase of the magnitude of the 
\ elocity of the point M and is equal to a, = dvfdt The normal accel 
eration is equal to a„ = v*/p, where v is the velocity of point AI, and 
p is the radius of curvature of the path at Af The total acceleration is 




Motion m Polar Coordinates 

56 The motion of a point m a plane can be defined in polar cocrdi 
nates by the relations r = /,(*) and 0 = /,( f) The radial component 
of the ■\ejpcity along the radius vector is v, = dr{dt — 0» the trans- 

% crse cbmpbUent of velocity, normal to the radius vector, is 

/>mt Vl _ rdojdl =s rfi{t), and v ~ Vv r * + U 2 
,*T.ne r , 

* * mtr an d transverse components of the acceleration a, and Ot 

gyxl the absolute value of the acceleration a , are 


a. ^ ( d9 Y 1 d / t dd\ 

* 2 <? '(*)■ a ' = rsrdi)’ 
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56a. The relations between polar and orthogonal coordinates, when 
the two systems have the same origin and the angle 6 is measured from 
the z avis, are as follows: x = r cos 6, y = r sin 6. When r = j\(t) and 
6 = /.(f), the equation of the path in terms of x and y is obtained by 
eliminating t from the above equations. 

Integrals of Motion. 

57. If the components of the acceleration of a point are known as 
functions of time, the velocity and path of the point can be found by 
integration. The formulas are 

<*-=§= m ’ r -- = f aM = / mdi +Ci= Fi{{) + c *’ 

x = Jrjt = J'. Fi(t)dl -f Crf + C : . 


The constants of integration are evaluated from two known con- 
ditions at given times, such as two positions, or a position and a velocity. 
The components of the acceleration parallel to the other coordinate axes 
are treated in a similar way. 

57a. If the components of the velocity of a point are given as func- 
tions of time, the path of the point can be found by integration. It is 
necessary to know the position at some instant of time to evaluate the 
single constant of integration. 

57b. For rectilinear motion with a constant acceleration a, the ve- 
locity is r = r 0 -r at; and the distance from some reference point is 
5 = Si! a r c ; a iaf 1 , where r 0 and s 0 are the velocity and the distance 
at time f = 0. When r 0 = So = 0, s = faf 2 , and v = at. 


Velocity Hodograph. 

58. The line HR described by the end of the radius vector OH, which 
represents at anv instant the magnitude and direction of the velocity v 



Fig. 2S 


of a point AT moving along a path 
as (Fig. 2S), is the velocity-hodo- 
graph of the moving point. If the 
motion of the point M is defined by 
its coordinates z = y = /.(f), 
z = fz(t), the position of the end 
H of the radius vector OH at 
any instant is determined by the 
equations ari = //(0, y t = /.'(f), 
zi Elimination of t from 


these equations gives the equation of the hodograph HH. 
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59 The velocity of the point H describing the velocity hodograph 
of a moving point M is equal, at any instant, to the total acceleration 
of the point M, in. magnitude and m direction 

MOTION OP A RIGID BODY 

Translation. 

60 A body has a motion of translation when the paths of all its 
points are parallel Any straight line in the body remains parallel to 
its original position throughout the motion The velocities as well os 
the accelerations are the same for all the points, at any instant The 
motion of the body is completely defined by the motion of any one of 
its points 

Rotation about a Fixed Axis 

61 When a body rotates about a fixed axis, the motion is defined 
by the angle of rotation 0 =f(l) between two planes, both passing 
through the axis, one attached to the body and the other fixed in space 

62 The time rate of change of the angle of rotation is the angular 
velocity of the body o> = dd/dl = f (t) 

63 The time rate of change of the angular velocity « is the angular 
acceleration of the body a = dufdt = d'-Qjdt' 1 = f (l) 

64 The path of every point P 
(Fig 29) in a ngid body rotating 
about a fixed axis is a circle lying 
on a plane which is perpendicular 
to the axis, and having its center 
on the axis 

64a The velocity of a point P 
(Fig 29) at any instant is directed 
along the tangent to the circular 
path of the point, and has the 
value v — ro> 

64b The acceleration of a point P (Fig 29) of the rotating body at 
any instant consists of two components the tangential component 
a, s= ra directed along the tangent, in a sense to agree with the sense 
of a, and the normal component a* = r«* = r*/r, directed toward the 
axis of rotation 

65 When the motion of a point P is referred to a fixed orthogonal 
system of coordinates, with the axis of rotation as the OZ axis and with 
the fixed reference plane as ZOX, the coordinates and the component* 
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of velocity and acceleration for point P (Fig. 29) will be as follows: 


~ = r cos 6; y = r sin 6; 

Velocity r = nc 

Tangential Comp. Accel cj = ra 

r 2 

Normal Comp. Accel, c, = rcA = — 
Total Accel, c = \’cr -f- cA = rVa : -f- or* 


x-coraponents y-componeots 

— ra- sin 6 = — ix* m cos 0 = xa 

— ya xa 

~ - S®* 

— pa — xk 5 xa — t,xA 


Motion of a Rigid Body Parallel to a Fixed Plane. 


66. The path of motion of any point B (Fig. 30) lies in the plane of 
cross section KK which passes through B and is parallel to the fixed 

plane. The motion of point 
B is defined by the motion of 
any base point A in section 
KK and the rotation of B 
about A. The velocity of 
point B is the vector sum of 
the velocity r. t of point A and 
the velocity v S /a — qx of B 
with respect to A, where a is 
the fixed length between A 
and B and a is the angular 
velocity of the body. The 
acceleration of point B is the 
vector sum of the acceleration a_i of point A and the acceleration as/, i 
of B with respect to A; the acceleration cb/a is the vector sum of its 
tangential component (as/*): — Ca and normal component (ctB/-i)r. = cA, 
where a is the angular acceleration of the body. 

66a. The letter a denotes the instantaneous angular velocity, and 
a the instantaneous angular acceleration of any line in the section KK. 



67. If the velocities of two points, A and B (Fig. 30), in the cross- 
section KK are known, the angular velocity of the body can be found 
by dividing the relative velocity Vb;a by the distance between the two 
points, a = [(cbm)/?!. 

68. When a fixed xy coor dina te system is taken in the plane of the 
section KK (Fig. 30) or in any parallel plane, and the motion of the base 
point A is given by the two equations, ~a = fi(0 and Va — the 
motion of point B is determined by the formulas 
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where 6 is the angle between the x axis and the hue AB, expressed as £ 
function of time B — /»(<) 

The x and y components of the velocity of the point B are 

Vbi = Vsi — qu sm 6, Vbv = va v + 9“ cos 

where Vax — Va w — ft(0, and to — dd/dt = ft(t) The x and j 
components of the acceleration of the point B are 

Ob* = a At — cos 6 — ga sm 0 , and a By = o^ v — qu* sin 8 + qa cos 9, 

where tu* = oa» = /*"(Q, and a = cTfl/dt 5 = /*"(/) 


Instantaneous Center 


69 Any change m position of a plane figure, in its own plane, may 
be accomplished by a rotation of the plane figure about a center located 
somewhere on the plane 


•^Instantaneous Center j 


Every infinitesimal displacement 
of the plane figure during its motion 
can be accomplished by a rotation 
about an instantaneous center If 
the directions of the velocities of two 
points in the plane figure are known, 
the instantaneous center is found as 
the intersection of lines drawn through 
the points normal to the velocities 
(Fig 31) The velocity of any point 
m the plane figure is equal to the product of the radius from the instan 
taneous center to the point and the angular velocity of the plane figure 
It is directed normal to the radius 



70 The locus of the instantaneous centers m space is called the space 
centrode The locus of the instantaneous centers on the extended plane 
which moves with the figure is called the body centrode At anj 
moment the two centrodes are tangent to each other, at the instan 
taneous center for the moment, and the motion of the plane figure can 
be reproduced by ro llin g the body centrode on the space centrode with 
out Bhpping 

70a A body moving parallel to a fixed plane has an instantaneous axis 
of rotation, perpendicular to the fixed plane and passing through the 
instantaneous center of any cross-section of the body taken parallel to 
the fixed plane The instantaneous axes generate two cylindrical sur 
faces called the space axode and body axodc, corresponding to space 
and body centrodes for the cross-section 
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SZLATITE ilOTIOX OF A POINT 

71. When. the motion of a point M is known with respect to a body 
BB, which itself moves with respect to an arbitrary system of fixed 

coordinate axes XYZ (Fig. 32), the 
absolute motion s'-s 7 of the point, 
i.e., its motion with respect to the 
fixed coordinate axes, is determined 
as the resultant of the relative mo- 
tion of the point AT with respect to 
the reference body BB, and of the 
motion of transportation of AT, i.e., 
the absolute motion of that point 
of thebodyRRat which J/islocated 
at the instant. The relative mo- 
tion is conveniently defined by relative coordinates $ = v'i(0? V — 
r = v';(0j "where the coordinate axes 0,$, Oir n Oil are rigidly attached 
to, and move with, the reference body BB. The path of the mo- 
tion of JLf with respect to the £, f axes, is found by elimination of i 
from the coordinate equations. The relative velocity u of point M is 
deter mined by its com ponents: uj — d|/df: u, = u r = dl[dl, and 
u = Vud ~ -~ vf. The relative acceleration 6 of the point M is 

determine d by its compo nents: Or = dr^fdf; b 7 — cPrJdP: 6,- — cPt/dP, 
and 6 = -f- 6_- — 

Coriolis Acceleration. 

72. The absolute velocity r of the point 3 . I is the vector sum of its 
relative velocity r„; and of the velocity of that point of the reference 
body at which 3f is located at the instant. The velocity r ;r is called 
the velocity or transportation of 31. 

The total absolute acceleration a of the point 3f is the vector sum 
of its relative acceleration c^, of the acceleration c— of that point- of the 
reference body at which Jf is located at the instant (which is called the 
acceleration of tr ans portation of AT), and of an additional component 
the Coriolis acceleration. This additional component, the Coriolis 
acceleration, exists only when the reference body BB has a motion of 
rotation about some axis, and it vanishes when the motion of BB is a 
t ransla tion. The magnitude of the Coriolis acceleration a «- is given 
by the formula = 2 X «' X es, where is the angular velocity, 
td is the projection of the relative velocity r-i on a plane CC 
normal to the instantaneous axis of rotation iVY of body BB. 
The direction of the Coriolis acceleration is normal to the plane ML con- 
taining r^j and a 7 , while its sense is determined by the direction 
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lu * 

Fia 33 

72 a If the relative velocity lies 


of rotation of the point L of 
the vector u'. It is convenient 
to find the Conohs acceleration 
by imagining the vector u' at- 
tached to the axis of rotation 
NN at an arbitrary point D 
(Fig 33) and letting it rotate 
with the body BB at an angular 
velocity u Twice the velocity 
of the vector point L gives the 
Conolis acceleration of the point 
M, in magnitude and direction 
i a plane normal to the axis NN, 


then a cor « 2 X X » If the relative velocity p^ is parallel to the 


axis NN, then a«,r = 0 


Projections of Velocity and of Acceleration. 


73 The projection Pi of a velocity v on an arbitrary axis M (Fig 
34), making angles a, 0, 7 with the coordinate axes OX, OY, OZ, re- 
spectively, 15 



vt =* rcos (^t>, l) 

= v, cos a -f- 1 * cos 0 + p* cos 7 

The projection aj of the acceleration a 
of the point M on the axis Z~4 13 

a t = a cos ( Z a, l) 

— a, cos a + a ¥ cos 0 + a, cos 7 


Fi a. 34 


If the direction of line l-l is variable, 


two relations a ~ <h(t) and 0 = <h(0 are sufficient to define its position 
at any instant, since cos* a + cos 1 P + cos* 7 = 1 



74 When the point M moves 
in a plane and coordinate axes are 
taken in that plane, the projec- 
tion v t of the velocity c on an arbi- 
trary axis M m the plane of 
motion is (Fig 35) pi — r* c os a 
+ v, sm a, where a is the angle 
between the x axis and line M 
The projection ai of the accelera- 
tion a is 01 = a, cos « -b Oy em a. 


Fia. 
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COMPOSITION OF EOTATIOXS OF A BODY 

75. Rotation of a body- mar be represented by a rector whose length 
is equal to the instantaneous angular velocity of the body, drawn to an 
arbitrarily chosen scale. The line of action of the rector is parallel to 
the ads of rotation of the body. Its direction is such that the rotation 
is clockwise when riewed in the direction in which the rector points. 

76. The motion of a body subjected to rotation around sereral axes 
simultaneously is equivalent to a resultant rotation which is the rector 
sum of the component rotations considered as rectors. 

77. The angular relooity of a body rotating simultaneously in the 
same direction around two parallel axes is equal to the sum of the com- 
ponent angular velocities. The instantaneous ads of the resultant- 
rotation is parallel to the axes of the component rotations, lies in their 
plane, and cuts any line intersecting them into parts inversely propor- 
tional to the angular velocities of the component rotations. 

The angular velocity of a body rotating simultaneously around two 
parallel ases in opposite directions is equal to the difference of the 
component angular velocities. The instantaneous ads of rotation is 
parallel to the ases of the component rotations, lies in their plane, 
outside these axes, on the side of the one with higher angular velocity. 
It cuts any line intersecting the axes at- a point- whose distances from 
the axes are inversely proportional to the angular velocities of the com- 
ponent rotations. 

78. Simultaneous rotation of a body around two parallel axes with 
the same angular velocity but in opposite directions results in a trans- 
latory motion of the body. It moves in a direction normal to the plane 
of the axes of the component rotations, with a velocity equal to the 
product of the distance between the axes times the angular velocity of 
the component rotations. 

BOTATION OF A BIGIB BODY ABOUND A 
FIXED POINT 

79. Any change in position of a body which has one point- fixed may 
be accomplished by a rotation about an axis passing through the fixed 
point. A continuous motion may be reproduced by a series of infinitely 
small rotations about a series of instantaneous axes which all pass 
through the fixed point. The instantaneous ads can be found if the 
directions of the velocities of any two points in the body are known. 
The intersection of the planes passing through the points, perpendicular 
to the directions of the velocities, is the instantaneous axis. The locus 
of the instantaneous axes in space forms a fixed conical surface called 
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the space axode The locus of the instantaneous axes in the body forms 
a moving conical surface Called the body axode The motion of tho 
body can be reproduced by rolling the body axode o\ cr the space axode 
80. The motion of a rigid body rotating around a fixed point 0 
(Fig 36) is fully defined at any instant by the direction of its instan- 
taneous axis of rotation AW and by 
its instantaneous angular \ clocity 
It is comement to choose a system 
of fixed coordinate axes OX, OY, OZ, 
with the ongm in the fixed point 
The rotation of the body around NN 
is equn alent to a simultaneous rota- 
tion around the fixed coordinate axes 
OX, OY, OZ, with instantaneous com- 
ponent angular i clocities u„ u„ 
respec tn ely The i nstantaneous angular \elocity u is equal to 
u = \W + + ««* The direction cosines of the instantaneous 

axis of rotation AW are cos a - uJq>, cos 0 = «■>„/«, cos y ~ a,fw 
The instantaneous axis of the bodj is defined by the equation xJu M 
*= yi/w, = 2 i/u», where art, z, are the coordinates of a point on the 
axis The velocity of a point A with coordinates x, y, r is determined 
by the equations 

r, = za, — yu„ r r — xa, — zu>„ r, ■* j/w, — xuy, 



® x'l ,* + t, s + r.*. 
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FUXDAJIENTAL PRINCIPLES 

81. A particle either remains at rest or continues to move along 
a straight line -with constant velocity, unless it is acted upon by an 
external force. 

The time rate of change of velocity, i.e., the acceleration of the par- 
ticle, is proportional to the force causing it and has the same direction 
as the force. 

82. The coefficient of proportionality between a force F and the 
acceleration a -which it imparts to a particle is the mass of the particle. 
With a proper choice of units, F = ma, or a = F/m, or m — Fja. 

82a. The acceleration of a particle caused by several simultaneous 
forces is the vector sum of the accelerations imparted by each force. 

82b. If F-, F.j, F - are components of the force in a system of orthog- 
onal coordinate axes, the components of the acceleration of the particle 
are determined by the formulas 

drx „ <Fu T ■> n 

ma z = m — F-, ma y ~ m — = F. Jt ma t = m = F-. 

When several forces are acting simultaneously on a particle the com- 
ponents of the acceleration are determined by the equations 

ma- = 2F-, ma y = ma- — ZF z . 

Units. 

83. In engineering, the English-speaking countries commonly -use 
the foot-pound-second system or the inch-pound-second system of units. 
In scientific work, the so-called absolute or centimeter-gram-second 
(C.G.S.) system of units is used. (Absolute systems use mass as a 
basic concept in contradistinction to engineering systems, which use 
force as a basic concept.) 

In engineering, the unit of force is one pound. (A force of one pound 
is the weight of, or the earth’s gravitational pull on, the “standard 
pound body ” of the Bureau of Standards when measured at 45° latitude 
and at sea level, in vacuum.) 

To impart an acceleration a to a body weighing w pounds, a force 
F = ( wjg)a pounds is necessary, where both a and g are taken either in 
in./sec. 2 or in ft./sec. 2 , and g is the acceleration caused by the force 
of gravity measured at 45° latitude and at sea level. For engineering 
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purposes, g is taken to be 3S6 in./«ec. s or 3Ik2 fL/=ec. 5 The facto’ 
vrjg is the mass n of the body, its units are lbs, ■=ec.yin or lbs. «=ee */ft 
In the absolute C G.S «^tem of units, the unit of mass is one gram 
One gram is approximately the mas of 1 cubic centimeter of water at 
4° centigrade The force necessary to impart an acceleration of 
1 cm l^ec * to a mass of one gram is one dyne, which the absolute 
unit of force. The acceleration of gravity g = ^S1 cm /<ec 1 at 4o° 
latitude and at -=ea level, therefore the weight of one gram mass is 
dynes. This weight is also called one gram To impart an acceleration 
of a cm./'cc * to a body weighing n grams requires a force of F = na 
dynes = najg grams. 


BECTILINEAB MOTION OF A PARTICLE 
Equation of Mohon. 

84 A particle moves in a straight line only when the resultant of 
all forces acting on it is directed along the line of motion If the line 
of motion be taken as a coordinate axis OX, then the equation of motion 
may be expressed as F, — na, — (t r!g)d'-Jd! m 

The force may be constant or variable. 


Integration of the Equation of Motion. 

85 If the force is constant, F m = F, then we have 


e-tfr __ p 
g df~ 


dT 


g F, 

U? 


where it is the weight of the particle and g is the acceleration of gravity 
The velocity and position of the particle as a function of time are 
determined by ■successive integration., of the equation of motion 


r =^ = 2ft + C, 


= = l?rr + ct + D 


The integration constants C and D are evaluated from known conditions 
of motion at one or two arbitrary instants of time If the distance j# 
and the velocity r. are known at the instant 1 = 0 the integration 
constants are D = x# and C = r*. Then 

r = r , + SFI, z = z. + rJ + l^FI- 

85a. When the force is expressed as a function of the time, F, = f\t), 
the motion is defined by the equation (trJg'yTj'dr = n <Tr/t£f = f(t), 
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or drxJdC = Then 

1 '-t=(s)p®' i ' + c -(s) ir ® + c ' 

where F(t) — J f(t)dl. Moreover, x = (1/m) J F(t)dt + Ct + D. The 

constants of integration C and D are evaluated as above. 

85b. When the force is expressed as a function of position, F- = f(x ), 
the motion is defined by the equation (tc/g)d 2 x(dC 1 = m-drxfdF = /(x), 
or <Fx/dl 2 = (1 [m)f{x). Since 

the equation of motion can be written in the form 


% 0*) = 2r-/(x) = - §/(x), 
cfr nr mdt 


or d(r") = —f(x)dx. 


m 


Integrating this, we find tr = (2/m) f* f(x)dx + C — (2 /m)F(x) + <7, 

and r = dx/dt = d= V(2 Jm)F{x) 4- C, where the sign is chosen to 
satisfy the initial conditions. A second integration gives 


t 


-*h 


dx 


(2/m)F(x) + C 


+ D. 


This equation gives the relation between x and f. The constants of 
integration C and D are evaluated as before. 

85c. When the force is expressed as a function of the velocity 
F z = /( r), the motion is defined by the equation ( wlg)drxfdF = m-cFx/dP 
= /( r). Therefore we have (Px/dF = dc/dt = (l/m)/(e). Integrating, 

we find t — m dvjf(v) 4- C = mF(v) 4- U. Solving algebraically for 

r, we find v = o(f), then dx = <£(f )dt, and x = J* 6{t)dt 4- D. The 
constants of integration C and R are evaluated as before. 


CTJETILINEAE MOTION OF A PAETICLE 

86. The motion in space of a particle of weight w is specified by the 
coordinates x, y, z of the particle with respect to three arbitrarily chosen 
fixed coordinate axes. If a force F, with components F z , F y , and F z , 
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is acting on the particle, the equations of motion are 

ID <Fz 


tr <fx <Pz - 

“ 1 1 “ T7i ' j i — r I. 

ff dt 3 dP ’ 


te dj/ _ <Fy 
g iP~ m dt?‘ 


g dP 


dr 


-F„ 


The force F may be constant or variable Each of these three equa- 
tions is integrated as indicated in §§ S5a, 85b, and 85c, and three 
equations of motion are obtained x = F t (t), y = Fj(t), z — F t {t) 


Plane Motion 

87 A particle moves on a plane only when the resultant of all forces 
actmg on the particle lies in the plane of motion If the motion of the 
particle is referred to two coordinate axes x and y in the plane, the 
equations of motion are 


w cTx _ cTx _ 
~g dP~ m dP~ 


Fs, 


t vd'y 
g dT 


n &V F 


By integration the coordinates arc obtained in the form 
x *= Fi(t), y ~ F,(t ) 

The equation of the path can be found by ekminatmg t from these two 
equations 

87a The motion of a particle under the action of gravity alone is 
confined toa\ ertical plane which includes the initial velocity a cctor 
Taking one coordinate axis OX horizontal, and the second OY \ ertical, 
with the positive direction upward, the equations of motion gne 
(tx/dP = 0, <T-y}dT = — g The path is a parabola with its axis \ ertical 


Motion under a Central Force 

88 The motion of a particle acted upon solely by a central force 


(either of attraction or repulsion). 


, 

Y 




3 Wr 


X 

Fio 
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l e , a force whose direction always 
passes through a fixed point, is con 
fined to a plane This plane passes 
through the initial \ elocitj sector 
and through the center of the force 
The components of the central force 
F (Fig 37) are 



where x and y are the coordinates of the particle, and r = Vx* + y* 
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When the central force is an attraction proportional to the distance 
from the center 0, F = At, the equations of motion are 

ic a-x 

gdT 

or 


The motion consists of two superimposed harmonic oscillations at right 
angles to each other (§ 136); the path is an ellipse. 

KISETICS OF A SYSTEM OF PAKTICLES 

System of Particles. 

89. A system of particles is a number of particles considered to- 
gether. The particles of the system may be free or geometrically inter- 
related to each other. A system in which the distance between every 
pair of particles remains constant is a rigid body. 

Each particle of a system is generally under the action of forces 
which may be divided into impressed or external forces acting from 
without, and into internal forces resulting from mutual actions of the 
particles of the system upon each other. 

Effective and Inertia Force. 

90. The effective force for a particle is the vector quantity whose 
magnitude is c = ma, and which has the same direction as the accelera- 
tion a of the particle. The quantity ma is measured in units of force. 
At each instant of motion the effective force is equal to and collinear 
with the resultant of all actual forces (external and internal) applied to 
the particle. 

90a. In a moving system of particles, the resultant of the effective 
forces for all the particles of the system is identical with the resultant 
of all the external forces applied to the system. 

91. The inertia force for a particle is the vector quantity whose 
magnitude is i = ma and which acts opposite to the direction of the 
acceleration a of the particle. At each instant of motion the inertia 
force is equal to and directed opposite to the resultant of all actual 
forces applied to the particle. 

91a. In a moving system of particles, the inertia forces for all the 
particles are at any instant in equilibrium with all the external forces 
applied to the system (Principle of D’Alembert). 


— i T (S)=-^, fP — iT (*) — *». 


= o 

* •** v. 

at- ic 


dr ' y u - 



32 


KINETICS 


Rigid Body. Motion of Translation 

92 In the case of translation of a rigid body of weight W, the re- 
sultant effective force is equal to ( Wfg)a It passes through the center 
of gravity of the body and acts m the direction of the acceleration a 
The resultant R of all external forces acting on the body must therefore 
pass through the center of gravity of the body, act in the direction of 
the acceleration, and be equal to R = (Wfg)a 

92a The resultant inertia force m this case is equal to (Wfg)a 
passes through the center of gravity of the body, and acts in a direction 
opposite to the acceleration a The resultant R of all the external 
forces is m equilibrium with the resultant inertia force R — (I Ylg)a = 0 

Moment of Inertia 

93 The moment of inertia J„ of a ngid body about any axis NR 
is equal to the sum of the products of the masses dwjg of all particles 
of the body, each times the square of its distance r from the axis 

In - I (dw/g)r* = (1/g) I i*dw When the specific weight q is uniform 
Jw Jw 

throughout the body, 7* - (gfg)J' r*dv 

94 A length k H , such that {W/g)kf = I n , is called the radius of 
gyration of the body for axis NN , the entire weight IT concentrated 
at a distance k n from the axis would have the same moment of inertia 
as the body 

Parallel Axis Theorem 

95 The moment of inertia 7» of a body about any axis NN is equal 
to the moment of inertia 7„ about an axis parallel to NN and passing 
through the center of gravity of the body, plus the product of the mass 
WJg of the body times the square of the perpendicular distance c be- 
tween the two axes 



96 If OX, OY, OZ are three coordinate axes in a body of specific 
weight q the moments of inertia about these axes are, rcspectn ely 

I, - 2 f (s’ + z’)iv, I, = l f (2* + I*)*, I. - f f (i 1 + »■>*. 

g Jr v Jr vjf 

where x, y, z are the coordinates of the elemental % oltime dv of the body 
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Rotation about a Fixed Axis. 

101. In a ngid body rotating about a fixed axis with an angular 
velocity w and an angular acceleration a, the effective force for each 
particle lies in the plane of motion for the particle, has a normal com- 
ponent e„ = mra z , directed toward the axis of rotation, and a tangential 
component e t — mra , in the sense determined by a 

The resultant of all the normal 
effective force-components m the 
body is E n = (W/g)fu\ and it lies 
m a plane that passes through the 
axis of rotation and the center of 
gravity of the body The resultant 
of all the tangential effective force- 
components in the body is given by 
Ei = (W/g)fa and is perpendicular 
to the plane passing through the 
axis of rotation and the center of 
gravity of the body The algebraic 
sum of the moments of all effective 
forces in the body about the axis of rotation is T . « I 0 a, where Jo 
is the moment of inertia of the body about the axis of rotation 

101a If the body has a plane of symmetry normal to the axis of ro- 
tation, the resultant effective force-components E n and E, lie in that 
plane If we take the axes OX and OF in the plane of symmetry, 
with the origin 0 at the axis of rotation, the axial components of the re- 
sultant effective force are 

rtr nr tt t tf 

E z = — — xw 1 ya. E t = yw 5 -( xa, To — T, — hja 

9 9 y 9 9 

102 The resultant of all the external forces F applied to the body 
(including the reactions) must be equal to, and collinear with, the re- 
sultant of the effective force system 

ZF, = E„ ZF V = E ¥ , Mo = Jc«, 
a here Mo is the algebraic sum of the moments of the external forces 
applied to the body about the axis of rotation 

102a 'When the axis of rotation passes through the center of gravity, 
E, = Ey — 0, the resultant of the effective force system is a couple 
T, = I acx In this case, — 0, ZF* = 0, Mo = 7oa 

103. The resultant S of the inertia forces for all the particles of the 
body is equal and opposite to the resultant of the effective forces 
S. « - E„ S, = - E f , T, « - TV 




E3XETICS OF A SYSTEM OF PARTIC LES 


35 


where T, is the algebraic sum o? the moments of all inertia forces in 
the body about the ans of rotation. Correspondingly, the resul tan ts 
of the normal and tangential components of the inertia forces &, and 
£■ are 5, = — E-. S- = — E-. (The normal component S* is sometimes 
called the centrifugal force on the body.) 

104. The external forces (including the reactions) applied to the 
body are in equilibrium with the inertia forces. The equations can 
therefore be written in the form 



Me ~r~ T / — Me — Iz<X — 0. 


Plane Motion of a Rigid Body. 

105. in a rigid body having plane motion, the acceleration for any 
particle lies in its plane of motion. The acceleration of a particle P, 
Fig. 40(a), is the vector sum of the acceleration of an arbitrary base 
point A and the acceleration due to relative rotation of P with respect 
to A. (Fee § 66.) 



TaHng coordinate axes AX and AF parallel to the fixed plane, with 
the origin at the base point A, the axial components of the effective 
force for the particle P are 

e~ — mc^ — P3(cc-‘ -f- I?e), e T = v.ax t — rr.{y-A — ret), 

where and ga? are the axial components of the acceleration of 
point A. 

105. If the body has a plane of symmetry parallel to the fixed plane, 
the resul tant of the effective forces for all the particles lies in the plane 
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of symmetry The axial components of the resultant effective force 
E are 

TF IF TF TF 

E, = — a Az — (fed 5 + ya), = — a A , — — (ycd 5 — xa), 

where TF is the weight of the body The algebraic sum of the moments 
of all effective forces in the body about an axis passing through a point 
A normal to the plane of symmetry is 

T , -TF _TF 
Ta “ Ia<* — a a, — y — oat, 

9 9 

where I a is the moment of inertia of the body about the axis through A 
100a When the center of gravity G is selected as the reference base 
point, the expressions for the resultant effective force reduce to the sim- 
ple form E, — (W/g)a t , E r = (W/g)a t , and the moment is To = Iaa 
107. The resultant of all the external forces F applied to the body 
(including the reactions) must be equal to and colhnear with the re- 
sultant of the effective force system 

2F, = E lt ZF, = E„ M a = T„ 

whereilfi. is the algebraic sum of the moments of the external forces 
applied to the body about the axis through the point A 

I07a If the center of gravity G is selected as the reference point, 
we have ZF, = (W/g)a s , 2 F r = ( W/g)a ¥ and Mg = la * 

107b If the resultant effective force components E, and E t and the 
moment T a are determined for the base point at the center of gravity, 
the moment Ta of the resultant effective force about any point A, 
see Fig 40(b), is given by the formula 

Ta - ha + — x — yd, y = Ma, 

where Ma is the moment of the external forces about the point A 

108 The resultant S of the inertia forces for all the particles of the 
body is equal and opposite to the resultant of the effective forces 

S M = - E„ S, = - E, T. - - T„ 

where T. is the algebraic sum of the moments of all inertia forces in the 
body about the axis through the point A 

100 The external forces (including the reactions) applied to the 
body are in equilibrium with the inertia forces When referred to a 
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base point A, the equations of motion are 

- r -- + S. = -Ft - 2c.,, + 2(c,-- + ,7a) = o, 

= 7* F, = rr, — ~ C.i, +2 (, 7 a-: — ia) -■ o, 

■^Ft t fi = FFc — — 5— n< y -f- y — S(- = 0. 

g 7 J g 

109a. When the center of gravity is taken as a base point, the 
equations become 

^ = 0, ~ “y = 0, Afff — lea — 0. 


WOP.K A X D KINETIC ENERGY 

Work. 

110. When a force F acts on a particle which moves along any path 
(Fig. 41), the work d If done by the force during a differential displace- 



Fig. 41 


ment ds is given by diY—F cos <f>-ds, 
where is the angle between the 
force F and the tangent to the path 
at P. The total work which is 
done by the force during the motion 
of the particle from position A to 
position B is 

TT = J* F cos $ds — J' F t -ds, 


where F t is the working component of the force. 

The work is taken as positive when the working component is in 
the direction of motion (<£ < 90°), and negative when the working com- 
ponent is opposite to the direction of 
motion (90° < $ < ISO 0 ). 

110a. When a force F, constant in 
magnitude and direction, acts on a par- 
ticle which moves along a straight line 
F',=F C ~^ (Fig. 42), the product of the distance s 

Fig. 42 between the initial and final positions 

of the particle and the working compo- 
nent of the force F is the work IT done by the force: IF = sF t = sF cos 6. 
When 6 = 0, TT = s X F. 
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110b The T\ork done by a force F which 
is constant in magnitude and direction, acting 
on a particle P (Fig 43) which mo\es along 
any path SS from point A to point B, is equal 
to the distance h between the projections of 
the points A and B on the line Ah parallel 
to F, multiplied by the force IF = h X F 

111 The work done by a force F with axial components F x , F y and 
F, acting on a particle during a differential displacement ds which has 
projections dx, dy, and dz, is dW = F x dx + F^dy + Fgdz The total 
work done dunng a finite displacement of the particle along its path 
from point A to point B is given by the formula 

TF = f**F a dx -f r F v dy + f‘ B F.dz 
Jy A J, A 

112 The work done by a system of forces acting simultaneously on 
a rigid body, or any other system of particles, is equal to the algebraic 
sum of the works done by the several forces dunng the displacement 
of their points of application 

113 The work done by a constant couple M dunng an angular 
displacement of the couple in its plane is equal to the product of the 
couple and the angular displacement W — M 6, where 6 is the angular 
displacement measured in radians 

Power 

114 The tune rate at which work is done is called power The 
power P at any instant can be determined by the equation P = dWJdt, 
where IF is the work expressed as a function of time t If the work is 
done at a constant rate, the power P = TF/(<j — ti), where IF is the 
total work done dunng the time interval from U to U 

114a When a force F acts on a particle which moves with a velocity 
v, the power at any instant is P = F v cos {/. F,v) 

214b When & body rotates ntib an angular vde&ty -s.vd » mo- 
ment M acts upon the body m a plane normal to the axis of rotation, 
the power produced by M at any instant is P = Mu 

Kinetic Energy 

115 The product of one-half the mass of a particle and the square 
of its % elocity is the kinetic energy of the particle E = $mv* — 

116 The kinetic energy of a system of particles is equal to the sura 
of the kinetic energies of all the particles 
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116a- For a rigid body which has a motion of tr ansla tion., the kinetic 
energy is E = i(W[g)r : . -where IT is the weight of the body and r is the 
velocity of any point in the body. 

116b. For a rigid body rotating about a fined axis, the kinetic energy 
is E = \Ir_cr. where I c is the moment of inertia of the body about the 
axis of rotation, and a is the angular velocity of the body. 

117. For a body having a plane 
motion, the kinetic energv is 
(Fig. 44): E = §(TT/p)r,- -f U a cA 
-r — yr_>-)> where v± is 

the velocity of base point A, a is 
the angular velocity of the body, 
and I± is the moment of inertia of 
the body about an axis through A. 

117a. Referring the motion of 
the body to its center of gravity G, 
we may write the kinetic energy of a body with plane motion in the form 



117b. If the instantaneous center of rotation I is taken as the base 
point, the expression for the kinetic energy of the body reduces to 
E = i hs~ r where h is the moment of inertia of the body about an 
e.via passing through the instantaneous center. 



Principle of Work and Kinetic Energy. 

118. For a particle moving along any path from position A to posi- 
tion B, the change in kinetic energy of the particle from A to B is equal 
to The work done by all forces acting on the particle during this change 

of position: irc(rA — rA) = 3 J' F cos 9 ds. 

119. The change in kinetic energy E of a system of particles for any 
period of time is equal to the work done by all forces acting on the 
psrricles during that interval of time. 

119a. For all rigid bodies (and systems of particles in which the 
work done by the internal forces is zero) the change in kinetic energy 
durina any motion is equal to the work done by the external forces 
serins on the body: E~ — Ez = ATF t -. where E? and Ez are the final and 
ini tial kinetic energies, and TT,- is the work done by any external force 
Fi during the motion- 
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IMPULSE AND MOMENTUM 
Impulse of a Force 

120 The impulse of a force F in the time interval dl is the product 
F X dt The impulse is a vector quantity whose direction is that of 
the force F 

120a If the force F is constant in magnitude and direction, its 
impulse for any time interval — U is equal to F (t? — t t ) 

120b The component of the impulse of a force F m the direction 

XX dunng any time interval tt — ti is equal to | F*dt When F, 

Ji, 

is constant, this becomes F a (tt — U) 

Angular Impulse 

122 When a force F exerts a moment M about an axis AW, its 
angular impulse about this axis dunng the time interval from h to U 

is Pafdf 

Jii 

121a If M is constant, the angular impulse for any time interval 
tt — h is equal to M (tt — ti) 

122 The impulse of a system of forces in any direction XX is the 
algebraic sum of the x components of the impulses of all the forces of 
the system If the forces vary, the x component of the impulse for a 

time interval tt — U is 2 f F,dt If the forces ore constant dunng 
*Ai 

the interval, the a: component of the impulse of the force system is 
(2E,)(fi - U) 

122a The angular impulse of a system of forces about any axis AW 
dunng the time interval (It — fi) 19 2 J* Midi, where Mi is the moment 

of any force F ( about axis NN If the moment 2Af< of all forces about 
the axis is constant dunng the time interval, the angular impulse is 
(XMi)(tt - U) 

Momentum 

123 The momentum of a particle of mass m, moving with a velocity 
t, is equal to mv The momentum is represented by a vector passing 
through the particle and having the direction of the velocity and a mag* 
nitude mv 

Moment of Momentum 

124 The product of the component of the momentum (Tig 45) of 
a particle P lying in a plane KK normal to the axis NN, and the per 
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pendicular distance CP — ED = d, between the vector of the momen- 
tum and the avis AW, is the moment- 
of momentum E r . of the particle with 
respect to avis AW. 

The moment of momentum can 
be represented by a vector H- whose 
direction is parallel to avis AW and 
whose magnitude is equal to m^d. 
The sense of the vector E r . z is chosen 
such that the moment of the momen- 
tum is clockwise when viewed in the 
direction in which the vector points. 

Momentum of a System of Particles. 

125. The momentum of a system of particles is the vector sum of 
the momenta of all the particles. The momentum U of the system is 
equal to the product of the mass W/g of the whole system and the 
velocity v of the mass center of the system. Its direction is the same 
as that of the velocity' of the mass center. We may write 



125a. The component- of the momentum of a system of particles 
parallel to any avis ay is U- — (TT/c)?^ where v- is the x component 
of the velocity of the mass center. 

Angular Momentum. 

126. The sum of the moments of momentum of all particles of a 
system with respect to an avis AW is the angular momentum of the 
system with respect to the avis. 

126a. The angular momentum H r . of a rigid body rotating about a 
fixed avis AW is equal to the product- of the moment of inertia I r . of 
the body about avis AW and the angular velocity a of the body: 
E- — Ig.ee. The vector of the angular momentum is parallel to the 
avis of rotation. 

127. For a rigid body which has a plane motion (Fig. 44), the angular 
momentum E± with respect to the avis passing through a base point 
A and normal to the plane of motion is 

TT T , IT IT 

E J. = Ij.ee 4 Cj 7 'X — 

9 9 

where I± is the moment of inertia of the body about the avis through 
A, and a- is the angular velocity of the body. 




42 


KINETICS 


127a The angular momentum of a rigid body with respect to 
an axis passing through the center of gravity of the body is Ha — leu 

127b The angular momentum of a body with respect to an axis 
passing through the instantaneous center I of the body is Hi — I ru, 
where Ij is the moment of inertia of the body about the axis passing 
through the instantaneous center 

Principle of Impulse and Momentum 

128 During any time interval, the change in the component of the 
momentum of a particle parallel to any axis XX is equal to the x com 
ponent of the impulse of all forces acting on the particle during the 
interval 

Uu ~ Uu ** Jn(rtr — ci«) = S I F.dl 
Ji t 

128a The change m the component of momentum of a rigid body 
or a system of particles, parallel to any axis xx, during a time interval 
it — U, is equal to the x component of the impulse of all external forces 
acting on the body or system of particles dunng the time interval 

TF T ' 1 

Uu - Uu = — (*, - v u ) = S I F,dX 
9 J/, 

129 If the resultant of all external forces acting on a system of 
particles has a component in any direction xx equal to zero, the x com- 
ponent of the momentum of the system remains constant 

130 When a particle moves under the action of forces, its motion 
is such that at any instant the time rate of change of the moment of 
momentum dHJdl, with respect to any axis NN, is equal to the 
moment M n of the forces with respect to that axis 



130a Dunng any time interval the change in angular mo- 

mentum of a particle with respect to any axis NN is equal to the angu 
lar impulse about the axis of all forces acting on the particle dunng 

the interval //., — H n , = M n dl 

131 The time rate of change of the angular momentum of a ngid 
body or any other system of particles with respect to an axis NN is 
equal to the moment about the axis of all external forces acting on the 
system dHJdt — If. If Af» is equal to zero, the angular momentum 
H n remains constant 
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131a. During any time interval t 2 — t 1} the change in angular mo- 
mentum of a body rotating about a fixed axis is equal to the angular 
impulse of all external forces about the axis of rotation during the 

interval: H-. — M r .dt. 

131b. For a body which has a plane motion, the change in angular 
momentum of the body about an axis normal to the plane of motion 
and passing through the center of gravity of the body, during a tim e 
interval f : — h, is equal to the angular impulse of all external forces 
about that axis during the interval: 


Bg, — Eg 1 
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MOTION OF THE CENTER OF GRAVITY 

132. For any system of particles under the action of a group of 
forces, the product of the mass and the component- of acceleration a- 
of the mass center parallel to any axis XX is equal to the algebraic 
sum of the x components of all external forces acting on the body: 
2F_- = (TT/o)a-. 

132a. If the forces applied to a system of particles are in equilibrium 
or result in a couple, the center of gravity of the system moves with a 
constant velocity or remains at rest. 

132b. The motion of the center of gravity of a system of particles 
does not change when the internal forces of the system vary. Its 
state of motion is not affected when internal forces are created or dis- 
appear, as occurs when parts of the system collide or explode. 


BEARING REACTIONS 


133. A rigid body, rotating with angular velocity a and angular 

acceleration a about- a fixed axis 
defined by two bearings, generally 
exerts forces on these bearings 
(Fig. 46). The reactions of the 
bearings on the axis and other 
external forces acting on the body 
are in equilibrium with the sys- 
tem of inertia forces of the body. 
Using the axis of rotation as the 
z axis in an x, y, z coordinate 
system, we may say that- the resultant inertia force system is completely 
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specified by the following components 


S, = — + 


9 9 


„ H 7 -,. IT 

S. — — flu* xa, 


g g 


Cm — a I xz dm — or 

| yzdm * aP„ — u*P.„ 

J. u 

Ju 

C, =* u* xzdm + a 

j* yzdm — u*P„ + aPf., 

C. *= !**, 



where S x and S, are inertia force components parallel to the x and y 
axes, and C„ C„ and C, are the moments produced bj all inertia forces 
about the x, y and z axes, respectiv ely P„ is the product of inertia 
of the body with respect to the x and s axes and P v , with respect to 
the y and z axes 

133a If the coordinate axes are chosen so that the ZOX plane 
passes through the center of gravity of the bod} (9 — 0) the inertia 
force components are S, = (ir fg) tw 1 , S, — ( W/g)xa , while C„ C, and 
C, remain the same as above 

134 When P„ = P„ = 0 i e , when the axis of rotation is a pnn 
cipal axis of inertia of the bod}, the inertia couples C. and C, are both 
zero This is the case when (a) the axis of rotation is normal to a 
plane of symmetr} which is chosen as the XOI plane, (6) the body has 
a fine of symmetry parallel to the axis of rotation and the \OI plane 
is chosen through the center of gravity of the body 

134a Computation of the resultant inertia force system can be 
simplified b} din ding the body into sc\ oral parts for each of which the 
products of inertia P,,., and P„,, for coordinate axes Ai, 1 1 , Z\ in that 
bod} are zero 

135 The bearing reactions will be unaffected by the rotation of the 
body when the center of gravity of the body is on the axis of rotation 
x = 9 = 0 and when the axis of rotation is a principal axis of inertia 


•VIBRATIONS AND OSCILLATIONS 
Free Harmonic Vibrations. 

136 When a bod} Q is moving along the axis \ V under the action 
of a restoring force F which is proportional to the distance x of the 
body from a fixed point 0, and directed toward the point (Fig 47), the 
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equation of motion is 


, r TT cP-x . 

JJa = = — kx. or 

g dtr 


<Fx _ _ kg 
dC-~ W X> 


where h is the spring constant of the restoring device. 



Fig. 47 Fig. 4S 


136a. Integrating the equation of motion, drxjdf -f- jrx — 0, where 
p 2 = I:gjW (see § Sob), we obtain the position-time relation 

x = A sin (pt -f- D), or x — B sin pi -f- C cos pt. 

The values of the constants A and D, or B and C. are determined from 
two known conditions of motion. The motion is harmonic with ampli- 
tude A (Fig. 48). The period of oscillation, or the time of one com- 
plete cvcle of oscillation, is T — 2v/p, and the frequency of oscillation 

is/ = i IT = p/(2-). 

Damped Oscillations. 


137. If a frictional resistance to motion exists, and the friction is 
assumed to be proportional to the velocity of the body, that is, if we 

have Ft — — rv — — r-dxfdt, the force 



where jr = gJ:[W and 2 n = ffrfW. Integration of this equation gives, 
for p > n (Fig. 49), 

x = Ae— ' ! sin (Vp 2 — n- 1 -f- D) 

= ^‘(B sin Vp 2 — n- 1 -f- C cos Vp 2 — n 2 t). 

The cons tan ts A and D, or B and C, maybe determined from two known 
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conditions of the motion The pe riod of os cillation is T *= 2r/Vp* — n 1 
and the frequency is / — ljT = Vp* — n*/(2x) The amplitude Ae~** 
decrease with time The ratio of any excursion to the preceding 
one At (an the opposite side of the equilibrium position) is given by 
At+JAt «= e-™ 

When p is smaller than n, le, when the frictional resistance is 
relatively large, the body mov es apenodica lly to its equilibrium position 
The solution in this case is x — -j. >yhc 

values of the constants A and D are determmed from two known condi- 
tions of the motion 
Forced Oscillations without Damping 

138 If, in addition to the restoring force — Lx, an external periodic 
disturbing force acts on the body Q (Fig 47), it undergoes a forced oscil 
lation If the external force 13 expressed by F = bsmqt, where 6 is the 
maximum absolute \ alue of the force and qf(2x) is the frequency of the 
force variations, the equation of motion is (J T/y)d*J-/dT = — kx -f* b <nn qt, 
or d'xJdP -f p*x = A sm qt, where jr = gkj TT and A = gb/W When 
q 9* p, the integration of this equation giv es x = A sm (pi + D) 
-fr- [A /(g* — p 1 )] sm qt The motion consists of two harmonic oscillations 
of different frequencies superimposed on each other The first term 
represents the free oscillations of the body and the second term the 
forced oscillations The amphtude of the forced oscillation is A/(p* — $*)» 
and its frequency is g/(2r), equal to the frequency of the disturbing force 
In the case q = p, the condition of resonance exists, the integration of 
the equation of motion giv es x = B sm (qt -f- (7) *f (A/2p)f cos qt The 
amphtude of the forced oscillation increases indefinitely with time 
The constants A and D, or B and C, are determmed from two known 
conditions of motion 
Forced Oscillation with Damping 

13S> If the body Q (Fig 47) is acted upon bj a periodic external 
force, F\ — 6 sm qt, and by a frictional damping force, Ft = — r dxfdt, 
the equation of motion is (IF/g)(d 5 j/df 1 ) = — kx — r dxfdl + 6 sin qt or 
tTx/df + 2n dxfdl -f p*x — A sm qt, where jr = fffc/TT, 2 a — grfW , 
and A — gb/W Integration giv es 

x — Ae ~ 9t sm (Vp* — n* t + D) + , \ -—sin ^ ^ ® 

V(p* - g 1 ) 1 + 4nV 

The motion of the body consists of two superimposed harmonic oscilla- 
tions one, a transient oscillation, damped out with time, represented 
bj the first term of the equation for x, and a sustained forced oscillation, 
represented by the second term. The angle & is the phase difference 
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IMPACT 

142 When two bodies in motion collide, they compress in the zone 
of contact If the material of the bodies is elastic, the internal forces 
thus created cause the bodies to separate and to move subsequently 
with velocities different from their velocities before the collision The 
total amount of impact experienced by cither body is reckoned by the 
change in its momentum QVJg)v caused by the collision, where TT is tho 
weight of the body, and v is its velocity The impact is measured by 
the vector difference between the velocities after and before the col 
Iision If we neglect the action of fnction, this velocity variation 
is parallel to the normal to the surfaces at the contact point 

143 The motion of the common center of gravity of colliding bodies 
does not undergo any change during the collision, notwithstanding the 
sudden change in motion of each individual body (§ 132b) 


Collision of Two Smooth Spherical Bodies 

144 Two balls undergo a direct impact (Tig 52) when their centers 
C and D move along the same straight lino before collision Tho 
velocities are taken as positn c in one direction 
along the line, and negative in the opposite 
direction 

The total momentum of the two balls docs 
not change dunng impact, hence wc may write 

m 0 )v i + or,/ ofo = m ff w + mgW> 

where r, and r, are the velocities of the balls 
before impact, and t/ and t,' after impact 
If the material of tho balls is completely inelastic, the balls deform 
and move together with a velocity v/ = t,' = v' If the material of 
the balls is perfectly elastic, the kinetic energy after impact is equal 
to that before impact, or 



1 TTi 

2 g 


^2 0 




If the material of the balls is not perfectly clastic, then we have 
t>i — Vi *=* — cfe, — ti), where e is the coefficient of restitution which 
is known for \anous materials from experiments For completely 
inelastic bodies e = 0, and for perfectly clastic bodies, c «=* 1 The 
final values of the clocitics of the two bodies after impact are obtained 
from the equation, r,' — vi = — c(vj — r,) and the momentum equa- 
tion (TFi/ffHei — W) « QVt!g)(i>x - I'd 
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Indirect Impact 


145. If the impact is indirect (Fig. 53), i.e., if the centers C and D 
of the balls do not move in the same straight line before collision, the 



Fig. 53 


velocities Vi and v 2 before collision may 
be resolved into components v l0 and v 2o 
directed along the center line CD, and 
into components normal to the line CD. 
Their normal components am and v 2n do 
not change during the collision; the com- 
ponents t>i/ and t> 2 </ in the line CD of 
the velocities after the collision are con- 
nected with the components V\ 0 and v 2o 


by the same equations as those which define the direct impact. 


Center of Percussion. 

146. If a rigid body free to rotate around a fixed axis is struck by 
another body, the axis of rotation generally experiences an impact. 
The total moment of momentum of the two bodies with respect to the 
axis of rotation remains unchanged during the impact. The axis of 
rotation of a rigid body will not suffer any impact when the following 
conditions are fulfilled: (1) the line of the blow delivered to the body 
is normal to the plane through the axis of rotation and the center of 
gravity of the body; (2) a plane through this line, normal to the axis of 
rotation, intersects this axis in a point for which the axis is a principal 
axis of inertia; (3) the distance l from the line of the blow to the axis of 
rotation is l = Lr//(, where h is the radius of gyration of the body with 
respect to its axis of rotation, and h is the distance from the center of 
gravity of the body to the axis of rotation. This point in the body 
where a blow does not produce an impact on the axis of rotation is called 
the center of percussion of the body; were the body considered as a 
pendulum, this point would be the center of oscillation. 


PRINCIPLE OF VIRTUAL DISPLACEMENTS 

147. The question of equilibrium of forces applied to a system of 
particles is often conveniently analyzed by use of the principle of virtual 
displacements. (Many problems given in the first part of the book 
may be solved by this method.) 

A virtual displacement of a system of particles is an i nfini tely small 
possible displacement of the particles of the system, consistent with 
the geometrical constraints between the particles. If a force acts on 
the system of particles, the work done by the force during a virtual 
displacement of its point of application is the virtual work of the force. 
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148. Several forces F lf F t , •• •, F n applied to a system of particles 
are in equilibrium if the sum of the virtual work done by all forces is 
zero for any virtual displacement of the system, i.e., when 

2F.3s, cos ( Z F„ 3s.) = 0, or 2(F,,5x, + F n 5y. + F.SzJ = 0, 

where F,5s, cos ( Z F<, 5s { ) is the virtual work of any force F t over the 
virtual displacement 5s, of its point of application, and F t%t F ti , F, ( 
and 5x,, 3y„ 52 ( are projections of the force F f and the displacement 
5s, on the coordinate axes. 

149. The equation of motion of a system may be written by equating 
to zero the sum of the virtual work of all impressed forces and of the 
inertia forces of all particles of the system, over any arbitrary virtual 
displacement of the system. 



PROBLEMS 



PART I. STATICS 


FLAKE STATICS 

1. Concurrent Forces. 

1. A tug pulls three barges in a line. The propeller thrust is 
3600 lbs. The water resistance to the tug is 1200 lbs., to the first 
barge 1200 lbs., to the second SOO lbs., and to the third 400 lbs. 
"With a cable good for 400 lbs. maximum load, how many strands 
are necessary to connect the tug to the first barge, the first barge 
to the second, and the second to the third? Ans. 6, 3, 1 strands. 

2. A man weighing 160 lbs. lifts a load of 120 lbs. by means of 

a rope passed over a fixed pulley. What is the force between the 
man’s feet and the ground? What is the maximum load he can 
lift with this arrangement? Ans. 40 lbs.; 160 lbs. 

3. A weight Q — 60 lbs. is balanced by a counterweight P. 
The rope ABC passing over a small pulley B is 30 feet long and 

weighs 10 lbs. Find the weight P and tensions at A, B, 
and C for the following conditions: 

1. When .4 and C are at the same height. 

2. When A is in its highest position. 

3. When A is in its lowest position. 

Ana. Weight P lbs. Tension in rope, lbs. at 



A 

B 

C 

1. 60 

60 

65 

60 

2. 50 

60 

60 

50 

3. 70 

60 

70 

70 


4. A train runs at constant speed on 3 level track. It weighs, 
excluding the weight of the locomotive, 360,000 lbs. What is 
the drawbar pull if the effective coefficient of friction is 0.005? 

Ans. 1S00 lbs. 

5. Two horses on opposite banks of a canal pull a barge moving 
parallel to the banks by means of two ropes. The tensions in 
these are 200 lbs. and 240 lbs. The angle between them is 60°. 
Find the pull on the barge and the angles a and ft between the 
ropes and the banks of the canal. 

Ans. Pull = 3S2 lbs.; a = 33= ; 3 = 27=. 
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6. Find by construction the size and di- 
rection of the resultant of two forces F x and 
Fi when their intersecting point is outside 
the drawing limits. 



0 lb 



5 ; 

7 s — 

70 lb. 





: N s. 


7. Replace the force system shown by 
the simplest equivalent system. 


Solution: 

The system reduces to a resultant ft (§ 9) : 

ft, => 2ft, ft, = 2ft, R =* V(2ft)» + (2ft)*. 


Force 

ft 

ft 

20 

— 

- 20. 

SO 

+ 25 

- 16 67 

50 

+ 35 35 

+ 35.35 

70 

- 70 0 

— 


Eft - - 9.65 

2F„ = - 1.32 


ft = V (9.65) 1 + (1.32)* - 9.72 lbs. £,-9 65 


e , = 187°48' 





50 lb. 


8. Determine the resultant of these four 
forces, (a) Using algebraic methods. ( b ) Us- 
ing graphical methods. 

Arts. R = 48.1 lbs.; ft *= 112°. 
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9. Two cables are attached to the 
boulder M at the ring A and exert ten- 
sions as indicated; while two thrust 
poles K and L exert forces as indicated. 
Find the resultant of these four applied 
forces. 

Ana. R = 108.4 lbs.; d s = 1°28'. 



10. Four tension wires are attached to the 
head of a post as shown at A. Their direc- 
tions and tensions are indicated. Replace the 
four wires by a single one that will produce 
an equivalent pull on the post. 

Ana. R = 1S.75 lbs.; d x = 251°40'. 


11. The rings A, B and C of three spring 
balances are fixed on a horizontal board. Three 
threads connected at D are tied to the hooks 
of the balances. The scales read 16, 14 and 
26 lbs. Find the angles a and /3 as shown on 
the sketch. Ana. a — 27.7°; /3 = 32.2°. 

12. A board is tilted to make an angle a with the horizontal 

such that a heavy body on its surface slides downward with the 
constant velocity with which it is started. Find the coefficient 
of friction / (/ equals the ratio between friction and normal 
forces on the board). Ans. / = tan a. 

13. A railway car weighing 20,000 lbs. coasts down an 0.8% 
grade and reaches a constant maximum velocity after a certain 
time. What is the frictional resistance? 

Note: % grade = tangent of the slope angle multiplied by 100. 

A 72s. 160 lbs. 



14. A train moves at constant speed up an 0.S% grade. The 

cars weigh 760,000 lbs. What is the drawbar pull if the overall 
coefficient of friction is 0.005? A?is. F = 9SS0 lbs. 

15. A 20-lb. ball is held on an inclined plane by a rope attached 
to a spring balance. The balance reads 10 lbs. The angle of 
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inclination of the plane with the horizontal is 30° Find the 
angle a between the rope and the vertical and the force Q exerted 
by the ball on the plane Ans a = 60°, Q = N = 17 3 lbs 



16 A ball 0 suspended on the string AC rests 
against the smooth vertical wall AB The angle 
BAC is a The weight of the ball is IF Find 
the tension T of the rope and the force Q between 
the ball and the wall 

Ans T = — Q = W tana- 
cos a ’ 



17 A 12-lb ball 0 bes between mu- 
tually perpendicular smooth planes AB and 
BC Find the force against each surface if 
plane BC is inclined 60° to the horizontal 
Ans Nd = 10 4 lbs , Ne = 6 lbs 



18 In an instrument, blocks A and B 
slide over the sides of an angle K as shown 
Spring P exerts a downward force of 10 lbs 
on block A Neglecting the weight of the 
blocks and fnctional effects (assuming all con- 
tact surfaces to be smooth), find the force Q 
necessary to preserve the equilibrium of the 
blocks 


in- 10 ib. 



Free bodydsgram for A 

F - 15 58 lb 



fret bo<5# d ajram fori? 


Solution 

Body A is in equilibrium under the action of all 
forces acting on it (Art 10) 

SF« = 0 = F cos 40° - Ni, 

ZF, *= 0 => F sin 40° - 10, 

F = 16 68 lbs , 

Ni «= 1SX) lbs 

Body B is in equilibrium (Art 10) 

2F, = 0 ■= Q + Nt sin 20° - 15 58 cos 40*, 

2F, - 0 - Nt cos 20* - 15 5S em 40* 

* 0 « 8H lbs 

A, - 106 lbs 
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AftS. Fe = 


19. Two smooth cylinders A and B are 
placed in a box as shown. Cylinder A 
weighs 40 lbs. and B weighs 30 lbs. The 
diameter of A is 16 in., the diameter of B 
is 10 in. Find the reactions at C, D, E 
and F. ( a ) Solve algebraically. (5) Solve 
graphically. 

F c = 72 lbs.; F f = 78 lbs.; F D = 70 lbs. 



20. A roller 60 in. in diameter weighs 
4000 lbs. What is the horizontal force P 
on handle AB necessary to pull the roller 
over a stone 4 in. high? Ans. P gg 2300 lbs. 



21. A 30-lb. arc lamp hangs in the 
middle of a 60-ft. cable ABC suspended 
from two hooks at A and C, both on the 
same level. Find the tension in each side 
of the cable if the sag BD at the lamp is 
0.3 ft. Ans. T c — Tj. = 1500 lbs. 



22. A 60-lb. arc lamp is suspended from a vertical 
post by means of a horizontal cross bar AC 4 ft. long 
and a brace BC 5 ft. long. "What are the forces Si and 
jS» in AC and BC ? Show the directions of the forces 
by denoting tension as positive ‘and compression as 
negative. An s. Si = 80 lbs.; Sz = — 100 lbs. 



23. A 4-lb. electric lamp is suspended from 
the ceiling by means of a cord AB. The lamp 
is pulled towards a vertical wall by a string 
BC. The cord AB makes an angle a = 60° 
with the ceiling and the string BC is inclined 
at an angle ft = 135° to the wall. "What are 
the tensions in the cord and string? 

Ans. Ta — 2.93 lbs.; T c — 2.07 lbs. 
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24. A 200-Ib. weight Is suspended by 
two cords. A horizontal tie R holds the 
cords in the positions shown. Determine 
the tensions in the four cords P , S, Q and 
T and in the tie R. Also determine the 
angle 6. 

Ans. P = 103.5 lbs.; Q - 146.5 lbs.; 

S = 146.5 lbs.; R = 53.75 lbs.; 

T = 179.5 lbs.; 6 = 45°. 



25. A derrick consisting of a boom AB 
hinged to the mast at A and a chain CB carries 
a load P — 400 lbs. suspended from B. Angle 
BAC = 15° and angle ACB = 135°. Find the 
tension T in the chain and the compression 
Q in the boom. 

Ans. T «= 207 lbs.; Q - 564 lbs. 



26. A wall crane BAC lifts a 4000-lb. load by 
means of a chain on pulleys at A and D. Angle 
CAD = 30°, ABC = 60°, ACB = 30°. Find the 
forces Qi in AB and Q t in A C. 

Ans. Q, = 0; Q t = - 6930 lbs. 


jie^ 27. The following mechanism is used 

\i 7 / to compress a small cement cube on four 

'Vggfc/ faces. Links AB, BC, CD are the sides of 
5 °" v — a square ABCD, while the links 1, 2, 3 
B j 0 " and 4 are of equal length and are directed 

I along the diagonals of the square; all con- 

D gL nections are hinged. Two equal and oppo- 

C site forces P are applied to points A and D. 
Find the forces N\, N it JV* and N’t compressing the cube and the 
tensions Si, Si and St in the links AB, BC and CD, if P is 5 tons. 

Ans. Si = S t =* St = P « 5 tons; 

A r t * A r , - Ni - N t - 7.07 tons. 
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28. A rectangular plate weighing 10 lbs. is suspended from 
hinges on its upper edge. A wind of uniform velocity impinging 
on the plate keeps it at an angle of 1S° to the vertical. Find the 
normal force of the wind on the plate. 

Arcs. Q = P sin a = 3.09 lbs. 


29. A rope CAEBD is passed over two negligibly small pulleys 
A and B mounted on the same level. The distance between A 
and B is l. Two equal weights w are at- 
tached to C and D and a load TF is suspended 
at E. Under conditions of equilibrium what 
is the distance x between E and line AB1 

Ans. g JL =- 
2V4yv - TF 2 



30. A weight of 25 lbs. is held by two ropes which pass over 
two pulleys. Counterweights are suspended on the free ends of 
the ropes. One of these weighs 20 lbs. and the sine of the angle 
which its rope makes with the vertical is 0.6. Find the other 
weight p and the angle P which its rope makes with the vertical. 

Ana. p — 15 lbs.; /3 = tan” 1 4/3. 


31. One end of the rope AB is fixed to a wall at A. A weight 
P and another rope BCD passed over a pulley at C are attached 

to the other end. A weight Q = 20 lbs. is 
suspended at D. The system is in equi- 
librium when the angles between the ropes 
and the vertical BE are a — 45° and 
|S = 60°. What is the weight P and the 
tension T in the rope AB ? 

Aus. P = 27.3 lbs.; T = 24.5 lbs. 




32. A small ball B of weight TF is suspended by 
a thread AB from a fixed point A. It rests on the 
surface of a smooth sphere whose radius is r. The 
distance AC = d. The length of the thread AB 
= 1. AO is vertical. Find the tension T in the 
thread and the reaction Q of the sphere. 


I 

d + r 


;Q = TF 


r 

d + r 


Am. T = TF 
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33. Two trolley wires are suspended 
on cross cables stretched between two 
posts. The cross cables are spaced 
120 ft. apart. 

AK = KL = LB = 15 ft.; 

KC = LD = 1.5 ft. 
Neglecting the weight of the cross 
cables, find the tensions Tt, 3i and T, 
in the parts AC, CD and DB if the trolley wire weighs lb. per ft. 

Ans. Ti = Ti = 603 lbs.; T* - GOO lbs. 

34. A workman attempting to pull a pile out 

r of the ground tied a cable to it at A. He fixed the 

// l B other end of the cable at B, attached another cable 
'/ '■fr* to the point C and fixed this cable at D. Then ho 
I exerted a pull of 200 lbs. on the second cable at E. 
c Before the pile began to move AC was vertical, 
□ EC was horizontal, BC made an angle of 4° with 

J 1 p f vertical and DE made an angle of 4° with the 

•‘“UF 7 horizontal. What was the tension in AC? 

Ans. T = 40,900 lbs. 

35. A pulley C carrying a weight P 
BTi *= 36 lbs. can slide along a flexible cable 
^ l ACB hung between two walls AE and BD. 
F | The distance between them is 12 ft., the 
4 length of the cable is 15 ft. Find the ten- 
d \A sion in the cable, neglecting the effects of 
its own weight. Ans. T = 30 lb3. 





36. Two small balls A and B rest on a circular 
cylinder of radius OA — 3”, whose axis is hori- 
zontal. A weighs 2 oz. and B weighs 4 oz. The 
balls are connected by a thread 6 in. long. Find 
the angles 4>i and <£j between the radii OA and OB 
and the vertical OC, and the forces N\ and N * of 
the balls against the cylinder at equilibrium. 

Ans. 4 > k = S4° 45'; <*> 2 = 29° 50'; N, = 0.18 oz.; 

Nt « 3.47 oz. 
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37. A smooth, ring slides without friction on a rod bent into 
a circular are whose plane is vertical. A weight P is tied to 
the ring. A rope ABC is also attached to the 
ring and passed over a pulley suspended from 
the highest point of the rod and at its end C 
a weight Q is suspended. Find the angle 6 
subtended by arc AB when the system is in 
equilibrium. Consider the ring as weightless. 

An.?. 6 = 2 sin -1 [Q[(2P)2- 




3S. A smooth ring B of weight P can slide on 
a circular rod ABC whose plane is vertical. The 
ring is attached to A by means of an elastic string 
AS. The tension T of the string is h times the 
unit elongation. Find the angle 6 when the sys- 
tem is in equilibrium. 


korr: If J is tie original 
string. 7 = £- (Z» — l}[i. 


length snd L is the stretched length of the 


Ans. 


COS 6 


1 hi 
"2 'hB-Pf 


39. The area of the piston in a steam engine is 125 sq. in. 
The connecting rod AS is 6 ft. long and the crank radius BC is 1.2 

ft. The steam pressure is p 3 = 95 Ibs./sq. 
in. and the back pressure is pi = 15 Ibs./sq. 
in. Find the tangential force P acting on 
the- crank and the force X between the 
cross-head and the guide when the angle 



ABC = 90', Xeslect the effects of friction. 

Ana. P = 10,200 lbs.: A” = 2000 lbs. 


40. ABCD is a system of links. A force 
Q = 20 lbs. acts at A in a direction such 
that angle BAQ = 45 c . Find the value of 
the force R acting at S which keeps the 
system in equilibrium. Angle ABR = 3Q% 
CAQ = 90' : and DBR = 60 = . " Ans. R = 32.6 lbs. 
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41. Four rods of equal length form 
a linkage A and E are fixed pivots 
The joints B, C and D are loaded with 
equal vertical weights Q At equilib- 
rium rods AB and ED form an angle 
a = 60° with the horizontal What is the angle between rods BC 
and DC and the horizontal? Ans & - 30° 

42 The cable of a suspension bridge is anchored in a block of 
masonry of square vertical cross section ABCD , 16 ft on a side 
The specific gravity of the masonry is 2 5 The 
cable is built m along the diagonal CB and has a 
tension of 200,000 lbs What must be the third 
dimension a of the block to resist tipping over the 
edge D, the action of the surrounding earth, being 
neglected Ans a s 7 08 ft 




43 A cylindrical water tank 12 ft m 
diameter and 18 ft high is mounted on 
four legs The bottom of the tank is 
50 ft above the ground The complete 
structure weighs 16,000 lbs The wind 
pressure is calculated on the basis of 0 18 
lbs /sq m on the vertical projected area 
of the tank Find the distance AB neces- 
sary to make the structure stable against 
the horizontal thrust of the wind 

Ans AB = 41 3 ft 



44 A vertical stone retaining wall is 15 ft high 
It has a specific gravity of 2 The horizontal thrust 
of the earth per running foot is 4,000 lbs and it is 
assumed to be actmg at a point l /i of the distance 
from the bottom of the wall What width a of the 
wall is necessary to keep it from being tipped over 
the edge A? Ans a S 4 6 ft 


45 A point Af is attracted to three immovable points 
JVfi(xj, y 2 )» Af»(zj, y») by forces proportional to the distances 
F, « / jAWf,, F, <= UMMi, Ft = ktMMt, where k t , h, and A, aro . 
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constants of proportionality. Find the coordinates x and y of M 
when the system is in equilibrium. 


A ns. 



y — 


fcjUl -r hjUi -r I:-y 3 
ki ~i~ "f* /-'3 


46. A 200-lb. skylight AB is hinged at A 
and is lifted by a rope BCD p assin g over 
pulleys C and D. C and A are on the same 
vertical line and AB = AC. Neglecting 
friction and considering the weight of the 
skylight concentrated at the center of grav- 
ity G, find the tension T in the rope as a 
function of the angle 6 between AB and the 
horizontal line AH. What are the maximum and TmmmnTn 
tensions? 

Ana. T = 200 sin (45° — o/2) lbs., 
2W = 0 at 6 = 90% 

Tr^ = 1A1 lbs. at 6 = 0°. 




47. The upper end of a 6-ft. rod AB weighing 
5 lbs. rests against a smooth vertical wall. A rope 
BC is attached to the lower end B and fixed to the 
wall at C in such a way that the rod forms an angle 
BAD = 4-5° with the wall at equilibrium. Find 
the length AC, the tension T in the rope and the 
reaction R against the wall. 



Solution: 

Three forces set on the body AB, its freight TT, 
the trail reaction E, and rope tension T; IT is parallel 
to the frail. frhSe R is normal to the frail. The three 
non-parallel forces are in eqtdlibrfiini; therefore they 
are concurrent st point F (§ 10a). 

From geometrical considerations, AC — 2FE 
= AE<2 =~4A4 fl.: a = tan-* 0.5 = 26 s 34'. 

Considering the X and Y components of the forces, 


XF- = E — T sin a = 0, —F 7 = T cos cr — TT = 0. 

T = — - — = -5.5 Fos., R = W tan c = SB lbs. 

ccs cr 
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48 A 24004b boat hangs on tiro dan ts 
each carrying half the load The davit ABC 
rests in a ball and socket joint at its lower end 
A and passes through a bearing B G ft above 
A The span of the davit is 8 ft Neglecting 
the weight of the davit find the forces acting 
at A and B 

Ans A v = 1200 lbs , A x « 1G00 lbs , 
B x = 1600 lbs 

49 A 4-lb rod AB is hinged to a vertical wall 
at A It is held at an angle of 60° to the wall by 
a rope BC which forms an angle of 30° with the 
rod Find the magnitude and the direction of 
the reaction R of the hinge 

Ans R = 2 lbs , ( / R, AC) = 60° 

50 A skylight AB weighing 178 lbs rotates 
about an axis through A and rests on the roof at B 
AD - BD Find the reactions of the supports, 
assuming the weight to be concentrated at the 
center C Ans R A = 141 lbs ,R a =*G 3 lbs 

2 Parallel Forces 

51 A beam of length l carrying a uniformly distributed load 
of p lbs per unit length rests on two end supports What arc 
the reactions of the supports? Ans Ri = Ri — %pl lbs 

52 A beam of length l supported at both ends carries a con- 
centrated load P lbs at a distance x from the left hand support 
What are the reactions of the supports? 

Ans Ri = P l -~ (left-hand) , R, = P 

53 A 3 ft uniform rod AB weighing 4 lbs is 
suspended horizontally on two parallel strings AC 
and BD A weight P = 24 lbs is attached to the 
rod at E AE = %it Find the tensions T in the 
strings Ans T B ~&\bs Ta— 201b” 
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54. (a) Use algebraic methods to deter- 
i | mine the resultant of the five parallel forces 

. ! 1 D c , shown. 

* ** * *«"-g-«***t 

> 2 '| s' t 3' jrjrj (b ) Determine the resultant usin g a 

I „ J, r graphical method. 

(c) TThat force applied at point C and 
couple are equivalent to the three forces acting upward? 

(d) Replace the 60-lb. force by two parallel components 
applied at C and D. 


£3 fr, 20 n. 3 3 

A A A 

I . 1 - I . - . 

i c r K 

* r-f 


Ce) 


,B 1 


n 


f 4d c 

'~i. 


c 

- (d) 


Solution: 

(g) The resultant J? is (j 15): 
i? = ZF = SO -p 40 -f 30 — 70 — 60 
= ~ SO lbs. (acting upwards) 

23/j. = -f-40 X 2 - 60 X 4-f30 X5-70 XS 
= — 570 lbs. ft. 

A 20-lb. force acting upward to produce a 570 lbs. 
ft. clockwise moment about tbe point A would have 
to be 2S.5 ft. to the left of A. 

(c) For the two force systems to be equivalent 
(§ 20). we must have 


F c = SQ -f 40 A- SO = 150 lbs. 

S31 c = C = -f30X4-f-40X7-fSOX9 = 1120 lb. ft. clockwise. 


31 D ' = JIo": 60 X 2 = 3 X F c ; F c = 40 lbs. 
ir c ' = 31 c "; 60 X o = Fn X 3: F D = 100 lbs. 


55. (a) Use algebraic methods to determine the resultant of 
the sis parallel forces shown. 

(6) Determine the resultant using graph- 
| i ~" r -. j- 3 ical methods. 

c - "1 ^ j c . - i (c) TThat force applied at point C and 

j!, |, 06 . couple are equivalent to the 40-lb. force 
acting upward? 

(d) Replace the 20-lb. force by two components applied at 
points .4 and B: applied at points B and C. 

Ana. (e) R = 30 lbs. up: 1 ft. Sin. to the left of A. 

(c) F c = 40 lbs. up; 200 Ibs.-ft. clockwise. 

(d) F a = 30 lbs. up; = 10 lbs. down; 

F b = 35 lbs. up; F c = 15 lbs. down. 
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56. (a) Using algebraic methods, determine the resultant of 
the five parallel forces shown. 

(6) Determine the resultant using a 
graphical solution. 

(c) What force applied at point A 
and couple are equivalent to the three 
forces acting downward? 

(d) Replace the SO-lb. force bj' two components acting through 
points A and B ; acting through B and C. 

Arts, (a) Couple, 420 lbs.-ft. counterclockwise. 

(c) ISO lbs. down; 160 lbs.-ft. clockwise. 

(d) F a — CO lbs. up; F B = 20 lbs. up. 

F b — 140 lbs. up; F c — 60 lbs. down. 

57. Two loads C = 400 lbs. and D — 200 
lbs. rest on a horizontal beam 12 ft. long 
which is supported at A and B . The dis- 
tance between loads is 3 ft. If the reaction 
at A is twice the reaction at B , what is the distance between A 
and the load C? Ans. x = 3 ft. 

c n 58. A safety valve A of a boiler is 

i ‘P in. in diameter. It is connected by a link 
L_J ab t 0 a 2-lb. lever CD which is 1.5 ft. long. 

The distance from B to the fulcrum C is 
3 inches. If the valve is to open at 165 lbs./sq. in. pressure, 
what weight Q should be hung at Z)? Arts. Q = 134 lbs. 





59. A horizontal rod Weighing 100 lbs. is 
hinged at A. A lifting force of 150 lbs. is 
applied at the other end B by means of a 
weight P suspended by a rope over a pulley. A 
weight Q «= 500 lbs. is hung 20 inches from B. 


The system is in equilibrium. How long is the rod? 


A ns. x = 25 inches. 



60. An iron beam 12 ft. long and weighing 
1000 lbs. is built into a wall 1)^ ft. thick so 
that it rests against points A and B , A load 
P = 8000 lbs. is carried at the free end of the 


beam. What are the reactions at A and B? 


Ans. Rjl = 77,000 lbs.; R B - 6S.000 lbs. 
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61. A beam 30 ft. long and "weighing 400 lbs. 
D rests on two supports C and D, 15 ft. apart. An 
"TTs upward force Q — 600 lbs. acts at a point 
A = 6 ft. from C. A weight P = 1600 lbs. is 
suspended at a point 3 ft. to the right of C. Find the reactions 
of the supports. Ans. R D = S00 lbs.: R c = 600 lbs. 


© c 

i_i“ OP 




r '± 


i© 


62. A beam 24 ft. long supported 
at two points 15 ft. apart carries two 
loads 4000 lbs. and 6000 lbs. one at 
each end. Dimensions are given in 
the sketch. Find the reactions of the supports, neglecting the 
weiuht of the beam. Ans. R± = 4400 lbs.: R B = 5600 lbs. 


•ox a. 






iCCC 



-r \-jccc ti. eccc 


63. A beam 24 ft. long supported at 
both ends carries three loads, 4000 lbs., 
6000 lbs., and 2000 lbs. located as shown 
in the sketch. Find the reactions of the 
supports. 

Ans. Rj. — 6500 lbs.; R B = 5500 lbs. 


' < i 64. A beam 24 ft. long is supported 

j ~ w~w ~ ~ W at one end and at a point IS ft. from 

/X ct: 2 .:kcs./\ 123=15. that end. Three loads 2000 lbs., 1600 

* B ' 

lbs., and 1200 lbs. are placed as shown 
in the sketch. Find the reactions of the supports, using a graph- 
ical method. Ans. R j. = 1450 lbs.: R B = 3350 lbs. 


63. A beam 20 ft. long and weighing 640 lbs. is hinged to a 
wall and rests horizontally on a support S ft. from the wall. A 
load of 320 lbs. is applied at a point 6 ft. from the hinge and 
another load of 640 lbs. is applied at a point 14 ft. from the hinge. 
Find the reactions of the supports, u si ng a graphical method. 

Ans. R b = 2160 lbs. up: R± = 560 lbs. down. 

66. A rod 12 ft. long weighing 12 lbs. carries four loads spaced 
4 ft. apart. The loads from left to right are 4, 6, S, and 10 lbs. 
How far from the left end should a single support be placed if the 
rod is to remain horizontal? Ans. 7 ft. 
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67. A rod AB 15 ft. long weighing 40 
lbs, is suspended from ropes at A and B. 
The tension in the rope at A is 20 lbs. and 
at B it is 40 lbs. At points C, D, E, and 
F, spaced so that AC - CD — DE ~ EF 
*= FB, the loads 10, 20, 30, and 40 lbs. are suspended. At what 
distance from A should a single support be placed to keep the rod 
horizontal? Ans. At the center of the beam. 

68. Several rectangular plates equal in size 
and weight are stacked so that each plate 
overhangs the plate below it. The length of 
the plates is 21. What is the maximum over- 
hang possible for each plate under stable conditions? 

Ans. I, Jl, \l, \l, \l, etc. 

69. A compass with leg AB weighing 
16 grams and leg CB weighing 12 grams is 
balanced on the knife edge D. The center 
of gravity of AB is at E and that of CB is 
at F. BD = 8 cm., ED = 1 cm., and BF 
= 10 cm. To what angle <i> must the com- 
pass be opened so that AB will lie in a horizontal position? 

Ans. cos <j> = §. (The equilibrium is unstable. It would be 
stable if the compass were turned 180°.) 



— g/— 




70. A bell crank ABC, with the angle between 
the arms - 60° and CB = 2 AB, is suspended from 
point A. Find the angle a between BC and the 
horizontal. Ans. tana = jV3. 



71. A balance beam AB 30 cms. long 
weighs 300 grams. The pointer CD is 30 
cm. long. A difference in weight in the 
pans of 0.01 gram moves the end of the 
pointer a distance ED = 0.3 cm. How far 
is the center of gravity of the beam from 
knife edge Cl Ans. 0.05 cm. 
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^g22 72. A rod AS weighing 3 lbs. is 

suspended at one end A. Point C, 
12" from A, is supported in the pan of 
■zzm a balance. The scales are levelled by 

a weight of 2 lbs. How far is the center of gravity of the rod 
from A? Ans. S in. 





jP=.002g 


73. Rod OC is connected perpendicularly to 
the middle of rod AB. This system can rotate 
b about the point 0. Each rod weighs 2w per unit 
length. OC = b and AB = 2a. A weight Pi is 
suspended at A and P 2 is suspended at B. 
P 2 > Pi. "What is the angle a between AB and the horizontal 
at equilibrium? 

A + a vr Pi — Pi 

Ans. tan« = rX -i — — — - 

o P» + Pi + w(4a 4- b) 

74. A magnetic needle is suspended 
on a thin wire and placed horizontally 
in the plane of the magnetic meridian. 
The horizontal component of the earth’s 
magnetic field is such that opposite 
forces equal to 0.002 gram act on each 
of the poles of the needle which are 
10 cm. apart. The torsional stiffness 
of the wire is 0.005 gram cm. per degree 
twist.. Through what angle should the 
upper end of the suspension be turned 
to bring the needle to a position making 30° with the plane of the 
magnetic meridian? Ans. 32°. 

75. A differential chain block consists of two con- 
centric pulleys rigidly attached together, rotating on 
a fixed axis. The pulleys form two sprockets for an 
endless chain looped about them in two loops. In 
one loop a movable pulley B is mounted carrying a 
load Q. A force P is applied to the proper side of the 
other loop. The pulley diameters are D and d,D > d. 
Neglecting friction, find the force P necessary to lift 
Q? What is P for Q = 1000 lbs., if D = 12 Y> in., and d = 12 in.? 

A.72S. P = 20 lbs 







kti 
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76. A differential lever consists of 
two parallel bars AB and DE, DE 
being suspended from AB by two par- 
allel links AD and FE. Bar AB rests 


on a fulcrum C half way between A and F. Av> eight Q is sus- 


pended on a knife edge at G. It is balanced by a weight P at H. 


If AC = 10 in , DG = 9 96 m , CH = 40 m , and Q = 2000 lbs , 


what is the weight PI 


P = 2 lbs 


77. A scale is constructed from a system of lev ers as shown 
in the sketch. All joints shown are freely rotatable A weight 
P is placed on the scale platform EG at the point F and is 
balanced by a weight p hung at A. Let AB = o, BC = b, CD =* c, 



IK = d, HK = l, and EG = L 'What should be the relation- 
ship between the lengths 6, c, d, and l, in order that the balance- 
weight p will be independent of the position of P on the platform? 
Under t.hia condition, what is the weight p? 


b+c _ l = p b 
b d’ p a 


78. A system of two levers ABC and 
EDF is used to measure a large weight 
Q suspended at A They are connected 
by a hnk CD and are pi\ oted at B and 
E. a = 0 15 m , 6 = 30 in , and c - 2 
in A 25-lb balancing weight P can be mov ed along EDF . The 
weight Q is balanced bj’ P when it is a distance l from E If <3 is 
increased bj 2000 lbs , how much should P be shifted to balance 
the increased weight? Ans. 0 8 m. 
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79. A railway crane stands on 
rails 4.5 ft. apart. The crane truck 
weighs 6000 lbs. Its center of grav- 
ity is on the center line LK. The 
hoisting gear weighs 2000 lbs.: its 
center of gravity C is 0.3 ft. from LK. 
The counterweight D weighs 4000 
lbs.; its center of gravity E is 3 ft. 
from LK. The boom FG weighs 

1000 lbs. Its center of gravity H, 

in a certain position., is 3 ft. from LK. 
In this boom position, the load line is 6 ft. from LK. Under these 
conditions, what weight Q will tip over the crane? 






Solution: 

The crane vrill tip over vhen the reaction 
Ri is zero. Taking the moments of all forces 
about the rail -If, the equilibrium of the system 
yields the equation (§ 16): 5-25 X 4000 -f- 2.55 
X 2000 -r 2.25 X 6000 - 4.5 X 2?i - .75 X 1000 
- S.75Q = 0. With i? : = 0, <? = 10,360 lbs. 


SO. A loading crane for an open-hearth furnace consists of 
a trolley A which can run on the rails of a movable bridge B. 
An inverted column D attached to the trolley carries a scoop 
C. The center of gravity of the trolley column and empty scoop 


t 



is on the center line of the trolley OA. The wheels of the trolley 
are 6 ft. apart. A load of 3000 lbs. is placed in the scoop 15 ft. 
from OA. How much should the trolley column and scoop weigh 
to keep the trolley from tipping? Ans. 12,000 lbs. or more. 
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81 The rails of a crane are 
mounted on a 6000-lb girder AB, 
30 ft long The crane neighs 
10,000 lbs , and its center of grav- 
==£b lty is on the center line CD The 
* o\erhang of the crane LK = 12 ft 
A load P = 2000 lbs is lifted by the crane When AC — 0 ft 
what are the reactions of the supports A and B? 

Ans R x = 10,600 lbs , R B = 7400 lbs 



82 A crane weighing 5000 lbs 
is mounted on a stone foundation 
b Its center of gravity at A is 2 4 ft 
from the center hne of the crane 
The radius of the crane is 12 ft 
The foundation has a square base 
6 ft on a side and the stone weighs 
135 lbs per cu ft The crane lifts a 6000 lb load How deep 
should the foundation be to keep the whole system from tipping 
over? Ans 3 4 ft or more 





83 A travelhngcrane, weighing 
100 000 lbs without the counter- 
weight, runs on rails A and B, 9 ft 
apart Its center of gravity is 
4 5 ft to the nght of A and the 
outermost load hne is 30 ft to the 
nght of A The lifting capacity 
of the winch is 50,000 lbs Find 
the minimum counterweight Q and its maximum distance x to 
the left of rail B so that the crane is stable under all possiblo 
loadings and positions of the carnage 

Ans Min Q = 66,700 lbs Max x = 20 25 ft 



n 12 ~ , 84 A beam AB, 16 ft 

f p — V |E -r f: long and weighing 400 lbs , is 
f — *6 -* - — 4 g P""a^ hinged at A and rests at B 

on beam CD which is 12 ft 
long and weichs 320 lbs CD is hinged at D and supported at E 
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Two 160-lb. weights are placed at 31 and N. AM — 12 ft., 
ED = S ft., ED = 4 ft. Find the reactions of the supports. 

Ans. R a = 240 lbs.; R D = 0; R s = SOO lbs. 




4 ® 


85. A drawbridge AB weighing 6000 lbs. 
is lifted by two levers CD, one on each side. 
CD is 24 ft. long and weighs SOO lbs. AB 
= CE = 15 ft. The length of the chain 
CA = BE. The center of gravity of the 
bridge is in the middle of AB. Find the 
weight of the counter-balance P used on each side of the bridge. 

Ans. P = 2770 lbs. 

86. A cantilever bridge consists of three parts AC, CD, and 
DE. The end spans each rest on two supports. The bridge 





weighs 4000 lbs. per linear foot. AC = DE = 120 ft., CD = 45 
ft., AB = EF = 45 ft. Find the reactions of supports A and B. 

Ans. R B = 880,000 lbs.; Ra = 310,000 lbs. 


87. A cantilever bridge consists of a main truss AB and two 
short trusses AC and BD. The main truss weighs 1500 lbs. per 
linear foot; the short trusses weigh 1000 lbs. per linear foot. 


«~60' -4-45- 


150' 5^45-4- 60 r -H>{ 

» i ; 



AC — BD = 60 ft. AE = FB = 45 ft. EF = 150 ft. A train 
weighing 3000 lbs. per linear foot stands on the bridge extending 
from D to F. What are the reactions of all the supports? 

Ans. R c = 30,000 lbs.; R D = 120,000 lbs.; 
R e = 162,750 lbs.; R F = 482,250 lbs. 
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3 General Case of Coplanar Forces. 


88 (a) Determine the resultant of the four forces shown 



(6) Determine a single force acting 
through point A and a couple which 
together form a system equivalent to 
the four forces shown 
Ans. (a) R = 11 0 lbs , 0, = 5° 40'. 

(6) F = 110 lbs ; 

C — 297 lb -ft , counter- 
clockwise. 



Ans (a) R 
(b) F 


89. (a) Determine the resultant of 
the four forces shown 

(6) Replace the four forces by an 
equivalent system consisting of a single 
force passing through point A and a 
couple 

<= 63 7 lbs , 0, « 53° 20' 

= 63 7 lbs ,C = 16 4 lb -ft , clockwise 


90 (a) Determine the resultant of the five forces shown 



(6) Determine a force system with 
a single force through A and a couple, 
equivalent to the system shown 
Ans (a) R ~ 100 lbs , 0, = 58° 30', 
(h) F = 100 lbs , 

C = 1630 lb -in , clockwise 


91. The plate NN is subjected to the tensions of four cables 
as shown (a) Find the restdCanC of these forces (if) Replace 
the force system shown by an equivalent 
rV Z Zr~' I / S 3 r stem consisting of a single force ap~ 
rir~r^"*-7f 90 ,b plied at point A and a couple 

Ans. (a) R = 50 lbs , 0, = 30° 25', 


rpwpT\ri 

801b\ 


phed at point A and a couple 

Ans. (a) R = 50 lbs , 0, = 30° 25', 
(b) F = 50 lbs , 

C = 890 lb -in , counter- 
clockwise. 
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92. A 2-Ib. freight is attached at B to rod AB which is hinged 
at A. A 4-lb. weight is suspended from, a rope attached at B which 



passes over a pulley D. The rod weighs 4 lbs. AB = AD - 3 ft. 
Find the angle a at equilibrium. Ans. a = 120°. 



93. A slewing jib-crane ABC weighing 
4000 lbs. turns around axis MK. The center 
of gravity of the crane is at D, 6 ft. from MN. 
MN = AC = 15 ft. A weight of 6000 lbs. 
is lifted at C. Find the reactions of the 
bearings M and N. 

Ans. at M : R- — — 7600 lbs., R v — 0; 

at N:R; = 7600 lbs., R v = 10,000 lbs. 



94. A crane consists of a beam AB weighing 
200 lbs., hinged at A and held in a position 45° 
to the vertical by the horizontal rope CB. A 
load P weighing 400 lbs. is hung at B. Find the 
tension in the rope CB and the vertical com- 
ponent of the force acting on the hinge A. 

Ans. T c = 500 lbs.; Ys = 600 lbs. 



95. A winch is equipped with a ratchet of 
diameter di rigidly attached to the drum 
whose diameter is d°, and a pawl A. A cable 
wound around the drum carries a load 
Q = 100 lbs., di = 10.5 in.; d» = 6 in.; 
h — 1.25 in.; a = 3 in. Find the force acting 
on the pawl pin B. 

Ans. = 


62 lbs. 
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96. A horizontal crane beam of 
length l is hinged at A and supported 
at B by the tension rod BC which mahes 
an angle a with the beam The load P 
can be applied at any point of the 
beam The distance AP = x. rind 
the tension in BC as a function of x. 


A ns. T 


P x . 
I sm a 



97. A pit crane weighing 4000 lbs rotates 
on a step-bearing at A and rests against a 
smooth cylindrical surface at B. The column 
AB is 6 ft long The radius DE = 15 ft 
The center of gravity of the crane is at C, 
6 ft from AY. A weight P = 8000 lbs is 
suspended from E. Find the reactions of the 
supports A and B. 

Ans R Ax = 24,000 lbs , R iv «* 12,000 lbs , 

Rbx — 24,000 lbs., 72 » 0 


98. A crane truss weighing 24,000 lbs is pivoted at A. Its 
position is adjusted by means of a long bolt BD hinged to the 
truss at B and passing through a large nut at D AB = AD 
= 24 ft When the adjustment is such that ABD is an equi- 
lateral triangle, the center of gravity of the truss is on a line 



15 ft to the right of A, and the span of the crane is 45 ft. A 
load of 40,000 lbs is lifted Find the reactions of the supports 
and the tension T in the rod 


Ans. T = 104,000 lbs , R At = 52,000 lbs , Rj, = 154,000 lbs. 
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99. A crane consists of a tower AC 
and a boom BC pivoted at C and held in 
position by a cable AB. AC — BC = 45 
ft. A weight of SO. 000 lbs. hangs on a 
chain which passes over a pulley at B 
and is wound around a drum of a winch 
near C. The chain extends along the 
line BC. Neglecting the weight of the 
boom, find the tension T in the cable AB 
and the force P compressing the boom as 
functions of the angle o. 


Ans. T = 160.000 sin (c.2) lbs.: P = SO, 000 lbs., at any angle 6. 



100. A bell crank ABC weighing 16 lbs. is 
pivoted at B. Its center of gravity is on a 
line 1.5 "s 2 in. to the right of line BD. AB = 4 
in., BC = 10 in. BC forms an angle CBD 
= SO 1 with the vertical. Ropes attached at A 
and C pass over pulleys at E and F and carry 
weigh ts Pi = 62 lbs. and P ; = 20 lbs. Angle 


BAE — 135'. Find the angle BCF = 6 at equilibrium. 


Ana. 6 = 45° or loo 2 . 


101. During the building 
of a bridge a girder AC weigh- 
ing S400 lbs. with its center 
of gravity at D had to be 
lifted by three cables placed 
as shown in the sketch. AD = 12 ft ., DB = 6 ft., BF = 3 ft. 
AC is kept horizontal. Find the tensions in the cables. 

A ns. Tj. = 3600 lbs.: T s = 3515 lbs.; T c = 24S5 lbs. 




102. Beam AC, rigged to carry 
two loads 200 lbs. and 300 lbs. as 
shown, rests on the top of a wall at B. 
It is propped up against- the roof at A 
and is supported by cable CD. De- 
termine the forces acting on the bar 
at A, B, and C, neglecting friction at 
A and B. (a) Solve algebraically. (5) 


Make a graphical construction to solve. 
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Solution* 


Bar ABC is in equilibrium under the action of the forces shown 
Taking X and Y axes as indicated, the equilibrium equations give (§ 21) 



2F, = 0 = F b sin 30® - 200 Bin 30° 

„ — 300 sin 30°, 

F b = 600 lbs , 

= 500 X 5 - 200 X 9 - 300 X 12 

+ 16F C X 8G6 « 0, 

tf _ 2900 


2F, = F a sin 30® - 209 em 30° «= 0, 
F a = £09 lbs 



103. A floating beam AB rests 
against a wall B, supports the 
loads shown at C and E and is 
held inclined by cords at A and D 
Neglecting the frictional effect at 
B, find the forces acting on the 
beam at A, D, and B (a) Solve 
algebraically. (&) Solve graph- 
ically 


Ans. Ta = 369 lbs , T D = 340 4 lbs , F 0 = 121 6 lbs 



104. Ladder AC is rigged up 
on three rods at A, B, and C, as 
shown It carries two weights of 
300 lbs and 400 lbs and a hori- 
zontal cable exerts a pull of 200 
lbs Find the forces exerted by 
the tie rods on the beam at A, B, 
and C (a) Solve algebraically. 
(6) Solve graphically 


Ans T c *= 374 lbs ; T B = 537 lbs , Ta = 639 lbs 



105. The bar AE shown supports two 
loads and is held m the inclined position 
by the three cords at A, C, and E (a) 
Determine the tensions in the three cords 
using algebraic methods (&) Find the 
tensions m the cords using a graphical 
solution 


Ans. Ta ** 121 lbs , T c = 770 lbs , T n = 70 lbs 
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Ans. F P = 


106. Roof beam PT rests on walls 
A and RS as shown, and is held in 
position by tie rod QS. The beam 
carries roof loads at K and L as shown. 
Find the reactions at P and R, and 
the tension in QS, neglecting frictional 
effects, (a) Solve algebraically. ( b ) 
Solve graphically. 

362 lbs.; F P . = SS7 lbs.; T Q = 559 lbs. 



107. Beam AD is held in position 
by three rods P, Q, and R . The beam 
carries a load of 500 lbs. at A. Find 
the amount and kind of force in each 
of the bars. 

Ans. F P = 470 lbs. Compr.; 

F q = 672 lbs. Tens.; 

F r = 576 lbs. Compr. 



108. A hydraulic lift C is used 
to operate gate K through beams 
AD and BF, tied together by 
cable DE. Neglecting friction, 
find the force of lift C, the reac- 
tions at A and B and the tension 
in DE for equilibrium in the posi- 
tion shown. 

Ans. T D e = 559 lbs.; 

F c = 3500 lbs. 



109. A two axle locomotive weigh- 
ing 40,000 lbs. exerts a drawbar pull 
of 4000 lbs. With the dimensions 
given in the sketch, find the axle load- 
ings at A and B. 

Ans. R a = 18,000 lbs.; 

R b — 22,000 lbs. 
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110. The chain 00 1 of a lifting tong 
is connected to two bell cranks CAE and 
DBF by links OC and OD each 24 inches 
long. The bell cranks pivot about pins 
A and B in the cross bar GH. The pivot 
blocks E and F hold a load Q = 2000 
lbs. by means of friction. EL = 20 
inches, EN = 40 inches, OK = 4 inches. 
Neglecting the weight of the mechanism. 


find the tension in the cross bar GH. Ans. T = 12,000 lbs. 



111. The lever OA of a press is 3 ft. 
long and is pivoted at O. A workman 
exerts a pull P — 40 lbs. at A in a direction 
perpendicular to OA. At a certain time 
the link CB is perpendicular to OB and 
bisects the angle BCD. Angle CED = 11° 
20'; OB — 0.3 ft. What is the compressive 
force acting on M at that time? 

Ans. P u «= 1000 lbs. 


.a ^ I — - 112. A lever of the first kind ABC , pivoted 

Qp I|r -A£aE at B, carries a platform CDE hinged to ABC 
M / at C and to OD at D. OD is pivoted at O and 
(m-&D is equal and parallel to BC. CD is vertical 

( and BC = 0.1AZ?. A weight P = 200 lbs. is 

put on the platform. What weight p is necessary at A to balance 
the system? Ans. p — 20 lbs. 


113. The water pressure against any point on the vertical 
surface of a dam is proportional to the depth of that point below 
the water level. The surface of the water is 



on the same level as the top of the dam. 
The height of the dam is 15 ft. ; water weighs 
02.3 lbs. per cu. ft. and stone weighs 137 lbs. 
per cu. ft. The dam by its own weight and 
dimensions should resist being tipped over 
the edge B by the moment of the water thrust. 
For safety the resisting moment should bo 
twice as great as the water thrust moment 
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Find the necessary thickness a, if the cross section is rectan- 
gular, and the base b, if it is triangular in shape. 

Ans. a = S.25 ft.; b = 10.12 ft. 

114. A drum 10 inches in diameter rigidly attached to a con- 
centric wooden brake wheel 25 inches in diameter is used to lower 
a load Q into a shaft as shown in the sketch. The br akin g is 
accomplished by pressing down at A. The lever AB is connected 
to the brake arm DE by the chain CD. ED = 60 inches; FE — 30 



inches; AB = 50 inches; BC = 5 inches. The brake shoe F is 
made of cast iron. The coefficient of friction between cast, iron 
and wood is / — 0.4. Neglecting the dimensions of the shoe, find 
the force P at A necessary to balance a weight Q = 1600 lbs. 

Ans. P = 40 lbs. 


115. A board AB weighing TF lbs. rests on 
two smooth boards CD and DE which are 
perpendicular to each other. CD makes an 
angle a with the horizontal. At equilibrium, 
find the angle 6 between AB and the hori- 
zontal and the reactions at A and B. 

Ans. 6 = 90° — 2a, (« 2= 45°); Rj. = TF cos a; R B = TF sin a. 






116. A log 12 ft. long weighing 120 lbs. rests 
with one end on a smooth floor and with the point 
B against- the upper edge of a wall 9 ft. high. It 
mak es an angle of 30° with the vertical. The log 
is held in this position by a rope AC stretched on 
the floor. Neglecting the effect of friction, find the 
tension T in the rope and the reactions at B and C. 
Ans. T = 30 lbs.; R s = 34.6 lbs.; R c = 102.7 lbs. 
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117. A rod AB 10 ft long weighing 40 lbs rests 
against a vertical wall DE and leans against the 
corner C of another wall 1 ft from DE Find the 
angle a between the rod and the horizontal at 
equilibrium What are the reactions at A and C? 
Neglect friction 



Solution 

The reaction R a at A is normal to the wall 
the reaction R, at C is normal to AB Consider 
ing the equilibrium of the three forces TVj R a R„ 

a 2i) 

2F, =■ R a — R e sm a = 0 Ra ■= R„ sm a 

2 Fy - R, cos a - IF =* 0 R c - 

cos a 

2M a - R e — TV X 8 cos a =■ 0 
J cos a = % a « 60° R e = 2 TV « SO lbs 
R a = TVV3 = 69 2 lbs 


Note The fact that the three forces must be concurrent (§ 10a) inter- 
secting at M, could be used for solving this problem 



118 A rafter AB rests on a wall at A 
and on a smooth support at B The rafter 
forms an angle a = tan -1 0 5 with the hori- 
zontal The rafter carries a vertical load of 
1800 lbs at the middle Find the reactions 
at A and B 


Ans R b = 804 lbs , F Ax = 360 lbs , F Av ~ 1080 lbs 


11£> A symmetrical 
roof truss ABC weighing 
20 000 lbs is hinged at 
one point A The other 
end B rests on rollers 
which roll on a hori 
zontal plate AC = BC = 18 ft , angle CAB — 30° A uni- 
formly distributed wind load of 1G00 lbs acts normally on AC 
Fmd the reactions at A and B 

Ans R b == 10,460 lbs , F Ax = 800 lbs , Fa ¥ « 10,920 lbs 
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120. An arched truss 
AB 60 ft. long, 'weighing 
20,000 lbs., is hinged at A. 
At B it rests on rollers 
which can roll on a plate 
inclined 30° to the hori- 
zontal. A wind blowing parallel to AB exerts a force of 4000 lbs. 
on the structure; its line of action is 12 ft. above AB. Find the 
reactions of the supports. 

A as. Fj- = 2240 lbs.: F,- = 9200 lbs.; R s = 12,4S0 lbs. 

121. A truss ABCD rests 
on rollers at D. It is sup- 
ported at A and B by struts 
EA and BF hinged at E and 
F. The braces of the truss 
and line EF are at 45° to the 
horizontal. Girder BC is 9 ft. long. AE = BF. EF = 9V2 ft. 
AH — 6|V2 ft. The weight of the truss, supporting struts and 
load equals 15,000 lbs. and may be considered as acting along 
line CG. Find the reaction R at D. Ans. R D = 3000 lbs. 





122. A hanger consists of three equal legs 
AC, BC, and CD rigidly attached together at 
C. Each leg weighs p lbs. The hanger is 
hinged at A and rests against- a smooth ver- 
tical wall at B. A weight P is suspended 
from D. Find the reactions at A and B. 




p 4- 2(P Hr 2p) sin g _ 
4 cos a 


— — R^=‘, Rj.y — P ~r 3p. 



123. A fire escape ladder 14 ft. long, weighing 
600 lbs., is hinged at A and suspended at B on a 
chain CB. The ladder forms an angle of 60° and 
the chain forms one of 75° with the horizontal. A 
mr»n wei ghin g 200 lbs. stands at D, ft. from B. 
Find the tension in the chain and the reaction at A. 

Arts. T = S37 lbs.; F±- = 217 lbs.; 

F-t- = S.5 lbs. (downward). 
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124 A rod AB weighing IF lbs., and 
21 ft. long, is hinged at A to the floor AD. 
The other end is tied to the wall CD by 
the rope BC. Angle CED = a and 
BAD = 0. Find the reaction of the 
hinge A and the tension in the rope. 


Ans. T = 


TT cos 0 % 

2 sm (a — 0) * 


Fa, 


TTcosffcosa,^!^' r _ rrrfi COS 0 sin a \ 

2m5(a-/S) (t0Wt) ' F " W V- 2im [a -{,)) ■ 



125. A beam AB, 9 ft. long, weighing 40 lbs., rests 
on a floor at B, forming an angle of 60° with the 
horizontal. The beam is supported at C and D. 
CB =* 1.5 ft.; BD — 3 ft. Find the reactions at 
B, C, and D. 

Ans. R c = Rt> - 60 lbs.; R B = 40 lbs. 



Ans. tan 


126. A board AB 21 ft. long, weighing u> lbs , 
hangs on two ropes AC and BC equal in length 
The angles between the ropes and the board 
equal 0. A man weighing TF lbs. stands at D, 
m ft. from A. In the position of equilibrium, 
what is the angle a between the board and the 
horizontal? What are the tensions Ta and T B 
in the ropes? 

(i - m)tr ; r. = (ir + C0S E ^ — ; 


(trr + IF)/ tan 0 



127. A ladder AB weighing 40 lbs leans 
against a smooth wall and is braced against 
a step A. It forms an angle of 45° with the 
horizontal. A man weighing 120 lbs. stands 
at D, $£ the distance up the ladder. Find 
the reactions of the wall and of the step A. 
Ans. R b = GO lbs. ; Fa, - GO lbs. (to right); 

Fa w ** 1G0 lbs. 
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128. A log AB weighing 200 lbs. 
rests with one end A on a smooth 
horizontal floor and with the other 
end on a smooth plane inclined at 
an angle of 30°. B is attached to 
a rope passing over a pulley C and loaded with a weight P. The 
rope between B and C is parallel to the inclined plane. Find the 
weight P and the reactions at A and B. 

Ans. Bj. — 100 lbs.: Rs = S6.6 lbs.; P = 50 lbs. 




129. A bar AB of length 3r, weighing 
32 lbs., is hinged at A and rests on a 
smooth cylinder of radius r. The cylinder 
lies on a smooth horizontal plane and is 
held in position by a rope AC, 2 r long. 
Find the tension T in the rope and the 
reaction on bar AB at A. 

Ans. Faz — 12 lbs.; Fjl 7 = 25.1 lbs.; 

T = N = 13.S lbs. 



130. Two balls Ci and C : , the radii of 
which are Pi and P 2 , are suspended from A 
by ropes AB and AD. AB = 7 X ; AD = Z 2 ; 

-r Pi = h -r P:- The balls weigh TFi and 
TT ; . Find the angle 6 between the rope AD 
and the horizontal, the tensions Tx and T z in 
the ropes, and the reaction A’ between the 
balls. 


, TT 2 -r TTi cos a . rr tv sin (6 — c/2) . 

tan C = — : r i 1 — ’> 1 — , 

tl i sm cc cos ccJ2 


N - — TTY 


= j]~ sIn ( d ~ g /-) 
cos a/2 



131. Two balls touching each other 
rest on inclined planes OA and OB. 
One ball with its center at Ci weighs 
20 lbs. and has a radius of 1 inch; the 
other with its center at C» weighs 60 
lbs. and has a radius of 2 inches. 
Angie AOXi = 60° and angle BOX 
between line C 1 C 2 and the horizontal. 
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the reactions Ni and Ns of the planes, and the force //between the 
balls. Ans. $ « 0; N, = 40 lbs.; Ns = 69.2 lbs.; N = 34.G lbs. 



the reactions of the supports, 
rope and the plane. 


132- A weight P = 960 lbs. is 
held on a smooth plane by means 
of a rope wound around the drum 
of a winch ABC. The plane is 
inclined at 60° to the horizontal. 
The rope is parallel to the plane. 
The winch weighs Q = 4S0 lbs., 
rests on a smooth floor at A and is 
bolted to the floor at B ; its center 
of gravity is on line CO. Find 
neglecting the distance between the 


Ans. Ra =* 958 lbs.; Rb, = 415 lbs.; R Bv = 240 lbs. 



133. A rod AB weighing TF lbs., 2i ft. 
long, is hinged at A. It rests on a rod 
CD, 21 ft. long, which is hinged at its 
middle point E. A and E are l ft. apart 
on the same vertical line. A weight 
Q ~ 2TFis suspended from D. Neglect- 
ing the effect of friction, find the angle <*> 
in the position of equilibrium. 

Ans. 4>i = 0; fe — cos -1 }4. 


134. A roof truss consists of two lWt. timbers joined at C 
and held together by a horizontal tie beam AB at their lower ends. 

c The roof is inclined to the hori- 

zontal at an angle a = tan -1 0.5. 
A load of 1800 lbs. is applied at 
the middle of each timber. Find 
the forces acting at C and at A. 
Ans. F c = ISoo lbs.; Fa, = 1S00 lbs.; F Av = 1800 lbs. 

135. A roof truss consists of 
two 12-ft. timbers AC and BC 
resting on two walls at A and B 
and held together by a tie beam 
EF. The angle of the roof is 
= tan' 1 0.5. AC — 3(727. A load of 1G00 lbs. is applied to the 
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middle of each beam AC and BC. Neglecting the effects of 
friction, find the reaction of the wall A and the tension T in EF. 

Ra = 1600 lbs.; T = 4800 lbs. 

136. A bridge consists of 
two parts hinged together at 
A and hinged to the piers at B 
and C. Each part weighs 8000 
lbs., the centers of gravity being 
at D and E. A load P = 4000 
lbs. is on the bridge. Dimen- 
sions are given in the sketch. 
Find the force at A and the reactions at B and C. 

An$. Fa- = 4000 lbs.; F B - = 4000 lbs.; F c = = — 4000 lbs.; 
Fa v = 1600 lbs.; F Bv = 10,400 lbs.; F Cv = 9600 lbs. 




137. Two horizontal beams are 
hinged together at A and are sup- 
ported by four hinged struts 1, 2, 3, 
and 4. A load P rests on the beam 
AB. Find the forces in the struts 
graphically; scale the dimensions 
from the sketch. 



F b = F. 


138. A bridge consists of two 
identical parts M and N con- 
nected together and to the piers 
by means of six equal hinged 
struts inclined at 45° to the hori- 
zontal. A load P is placed at 
G. Dimensions are given in the 
sketch. Find the forces in the 
struts caused by P. 

Ans. Fa — 0; Fc — 0; 


139. A step-ladder consisting of two parts AC and BC hinged 
at C and held together by a rope EF stands on a smooth floor- 
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/ \ C/<2V Each part is 28 ft. long and weighs 

n. 40 lbs. A man weighing 160 lbs. 

' // v stands at Z>. CD = 2 ft. 4 in. and 

DA — FB = 4 ft. 8 in. Find the 

5 — f f „ ructions of the floor and of the 

hinge and the tension T in the 
rope. 

Ans. Ea = 113.3 lbs.; F Cl - 112.1 lbs.; T « 112.1 lbs.; 
Ra = 126.7 lbs.; F Cv = 73.3 lbs. 

140. A horizontal arm 6 ft. long is attached 
jj to a vertical post at A and is supported by the 
=Ab brace DE. The post AC* is held up by a brace 
A. FG. The braces DE and FG are inclined at 45° 
to the horizontal. AE = CF = 3 ft. A load 
Q = 1000 lbs. is suspended from B. Find the 
r forces S B and Sr in the braces DE and FG and 


1 

11 

iaisl 



Max 
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EQO lb. 


144. The pin-connected frame- 
work shown in the sketch is hinged at 
A and rests against a smooth ceiling 
at B. The bars are pinned together 
at C, D, and E and carry the three 
loads shown. Determine the reac- 
tions at A and B and all forces acting 
on the bar BCD. 



145. A crane consists of three bars 
pinned together at A, B, and E, as 
shown. It rests in a socket at G and 
is supported laterally at F. The crane 
carries a load of 1000 lbs., hanging on 
a wire rope passing over pulleys C, D, 
and H. Determine all the forces which 
act on each member of the crane. 



146. The pinned frame shown 
is hinged at A and rests on a 
smooth roller at F. Beam AD 
carries a pulley D of 2 ft. diam- 
eter. A rope carrying a load of 
200 lbs. passes over the pulley 
as shown. Determine the forces 
acting on each bar. 


4. Trusses and Cables. 

\~4 — yf “7? 147. A bridge truss as shown 

l 3\3 'v//' 'sy in the sketch carries three equal 

vjS? loads P = 20,000 lbs. at the 

^ C D E pointg C/ Df and K The 

clined web members form 45° angles with the horizontal. Find 
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analytically tlie forces in members 1, 2, 3, 4, 5, and 6 caused by this 
loading. 

= — 30,000 lbs. (compression); S 2 = 0; 

S 3 = + 42,500 lbs. (tension) = — 30,000 lbs.; 
S s = - 10,000 lbs.; Ss = + 30,000 lbs. 


148. A bridge truss as shown in the sketch carries two equal 
loads P = 20,000 lbs. at the points C and D. The inclined web 



members form 45° angles with the horizontal. Find analytically 
the forces in members 1, 2, 3, 4, 5, and 6 due to the loading. 

Ans. Sj. = - 28,200 lbs. ;S 2 = + 20,000 lbs. ;& 3 = + 28,200 lbs.; 
Si = - 40,000 lbs. ;S 5 = 0; S 6 = + 40,000 lbs. 


149. This cantilever truss bears the three loads shown and 
is supported at A and B. Determine algebraically the forces in 
all the members of the truss. 



Sj.c = — 32oo lbs. 


+ 707 lbs.; 
+ 1000 lbs.; 


iscoro. 
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150. This 60° truss carries two 
loads and rests on two supports, (a) 
Determine algebraically the forces 
in all the members of the truss. 
(b) Construct a force diagram, and 
determine from it the forces in the 
members. 
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Solution 

(a) From a free body diagram of the entire 
trass, the reactions are found to be (§ 21) 

Ra = 300 lbs , Rs - 600 lbs 
Using the free body diagram for each joint 
of the truss we see that the forces in all the 
members are determined as follows (5 10) 

Joint A (Assume AB in tension) 

2F, = 0 ~ AB bid 60* + 300, 

AB =* — ■=* — 34G lbs compression. 

2F, *= AC — 346 cos C0° - 0, 

AC = 346 X $ = 173 lbs tensiod 
Joint B 

2F* = 346 sin 60° + BC sin 60° — COO « 0, 
BC = 346 lbs compression 
2F* — 0 =» 346 cos 60° — 346 cos 60° + BD 
« 0 
BD « 0 
Joint C 

ZF t - CD sin 60° - 346 sin 60° - 0, 

CD ■= 346 lbs tension 
EF, = - 173 + 346 cos 60° + 346 cos 60° 

- C£ - 0 

CE ■* 173 lbs compression 
Joint D 

ZF, = 0 = DF cos 60° - 346 cos G0° ~ 0 
DF « 346 lbs tension 
EF„ = DE — 346 sin 60° X 2 = 0, 

DE ~ 600 lbs compression. 

Joint E 

EF *=• 173 lbs compression 



(b) The force polygons for all the joints are arranged systematically to 


give the forces in all members aa follows (§ 18) 
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A clockwise stress diagram is constructed. 
The following “clockwise” notation for the ex- 
ternal forces is used: the 600-lb. force at t/' 2 is ab, 
the 300-lb. force at Li is 6c, the 600-lb. force 
at Li is cd, etc. The notation for the force 
exerted on a joint by any member is determined 
by reading the letters or numbers around the 
joint in a clockwise order. The force that mem- 
ber UiLi exerts on joint L'i is 2-1, and the force 
this same member exerts on joint Li is 1—2. 
The equilibrium polygon for the external forces 
is first constructed as ABCDA. Then, con- 
structing the force polygon for joint Lq, DA is 
known, the direction of A-l is parallel to a- 1 
and passes through A, and 1-D is parallel to 
1-d and passes through D. The intersection of 
A-l and 1-D gives point 1. The force exerted 
on joint Li by member L?Ui is .4—1 in magnitude 
and direction, and the force exerted by LnLi on 
joint Li is 1-D in magnitude and direction. By 
next drawing the force polygon for joint Ui, 
point 2 is located and the forces exerted by 
members UiUz and thin on joint Ui determined. Continuing in this way, 
the closed diagram representing the forces in all members of the truss is 
obtained. 

151. The 45° truss in the sketch is supported at R and S. 
It carries four loads as shown, (a) Using algebraic methods, 
determine the forces in all members of the truss, (b ) Draw a 


6CG lb. 1300 tb. =00 lb. 200 tb. 

force diagram and determine the amount and kind of force in each 
member of the truss. 





IlCCOIb. 


152. A 30° truss carries two 600-lb. 
loads; the reactions at P and Q are as 
indicated, (a) Determine algebrai- 
cally the force in each member. (6) 
Draw a force diagram. 
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1S3. A roof truss is sup- 
ported by a pin at A and a 
roller at G; it carries four 
loads as shown, (a) Deter- 
mine algebraically the forces 
in all the members of the 
truss. (6) Draw a force dia- 
gram. 



154. The sketch gives the 
loads on a truss and the reactions 
of the supports, (a) Determine 
algebraically the forces in all the 
members, (b) Draw a force dia- 
gram. 



155. The loads and reactions on a 
truss are shown in the sketch, (a) De- 
termine algebraically the forces in mem- 
bers CE, CF, and DF. (6) Determine 
the forces in members CE, CF, and DF 
from a force diagram for the truss. 



156. The truss shown in the 
sketch is supported by a pin at Q 
and a vertical support at P . It 
is loaded as shown in the sketch, 
(o) Find algebraically the forces 
in members AC, AB, and PC. (b) 


Find the forces in members AC, PC, and AB from a force diagram 


for the truss. 


157. The crane shown in the sketch lifts 4000 lbs. Find the 
reactions of the, supports and the forces acting in all the members. 
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Ans. = 4000 lbs.; R~ = 5600 lbs.; 6 = 45°. 
The forces in the members are: 


Member No. 

1 

2 

3 

4 5 

Force, ibs. 

-6670 

4-53-30 

-4SOO 

4-4S0O 4-1333 

Member No. 

6 

i 

S 


Force, lbs. 

-S950 

4-4000 

4-4000 



133. rind the reactions of the supports and the forces in the 
of the bridge truss shown in the sketch with forces 


sciine as indicated. 



Ar.s. Rj_ = 4203 lbs.: R s = 7040 lbs. 

Member No. 1 2 

Force, lbs. -5940 F4200 

Member No. 6 7 

Force. Ibs. 4-iSOO 0 


4-4200 -4200 4-3000 


S 

-S210 


9 

4-1S00 



159. The truss shown in 
the sketch is supported by a 
pin at F and a roller at C. 
The loads and reactions are 
as shown, (c) Find alge- 
braicallv the forces in the 


trass, (b) Construct a force diagram for the trass. 



160. A cantilever trass carries two 
loads and is supported at G and E as 
shown in the Sgure. Determine alge- 
braically the forces in each member of 
the truss. 
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161. The loads and reac- 
tions on a truss arc given in 
the sketch (a) Tind alge- 
braically the forces in all the 
members of the truss (6) 
Find the forces in all mem- 
bers of the truss from a force 
diagram 



162. A cantilever truss carries three loads 
and is supported at P and 0 as shown (a) 
Determine the amount and kind of force in 
each member of the truss, using algebraic 
methods (6) Draw a force diagram for the 
truss 


163. Find graphically the forces in the members of the shed 
roof truss shown in the sketch with the forces acting upon it as 
indicated. 
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163. The structure shorra. in the sketch is loaded as indicated. 
Hud the reactions of the supports and the forces ac ting on the 



A as. R a = 3000 lbs.: R- c = 5500 lbs.: (6 = 6S C ). 

Member iso. 1 2 3 4 5 

Force, lbs. 4-4020 -6000 4-5360 -6000 4-7150 

Member Xo. 6 7 

Force. Ids. -f 3130 -S0QO 

166. Find the reactions of the 
supports and the forces acting in 
s all the members of the structure 
shoern in the sketch. The loads 
are as indicated. 

Ars. Rj. = 4S00 lbs.: Rz = 5200 lbs. 

Member Xo. 1 2 3 4 5 

Force, lbs. 4-5670 -5670 4-4000 -4670 4-4670 

Member Xo. 6 7 S 9 

Force, lbs. 4-4000 0 — 5200 — 2500 

167. Find the reactions of the supports and the forces in the 
members or the structure shovm in the sketch. The forces acting 
are indicated. Members 3 and 4 are not joined at the point of 
their intersection. 



Ar.s. Rj. = 4400 lbs.: R B = 6500 lbs. 

Member Xo. 1 2 3 4 5 

Force, lbs. -12,000 4-13,990 4-9500 4-5050 -11,400 
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168. The truss shown in the 
sketch is supported vertically at F 
and horizontally and vertically at 
H. (a) Determine algebraically the 
forces in members BC, BG, and HG. 
( b ) Determine the forces m BC, BG, and if £ from a force diagram 
for the truss 



169. This truss bears fi\e loads 
as shown It is supported on a 
roller at A and by a pin at B. (a) 
Find algebraically the forces in 
members CD, CE, and AE. (6) 
Draw a force diagram and deter- 
mine from it the forces in members CD, CE, and EA. 



170. For the truss shown, use the method of sections to 
determine the forces in I/ S L S , and LjL* 



Solution' 



sau,. 


2F, 


The forces in members UtUt and 
U x Lx are determined by considering 
the portion of the structure to the right 
or left of section 1-1 (§ 21) The 
forces in the members cut by the sec- 
tion become external forces m the free 
body diagram for either portion of the 
structure The forces acting on the 
portion of the truss shown are in 
equilibrium 

5S00 X 60 + 1000 X 40 + 2000 X 20 + 20Efjtf, - 0, 
UtUt “ lS/,00 lbs compression, 

* 5S00 - 2000 - 1000 - UtLt X 0 707 - 0, 

I/jIa — S960 lbs tension 
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In a sim i lar Tray, by taking tbe portion of the structure to the right (or 
left) of section 2-2, the force in ItJm is obtained. 

SUV, = - 1000 X 20 S200 X 40 - 20 LtL* = 0, 

LzLi = 15,100 lbs. tension. 



171. The tower shown is subjected to a 2000- 
lb. vertical load at A and horizontal wind loads 
at B and C. Determine the forces in each mem- 
ber of the truss. 


172. During the construction of a bridge a temporary wooden 
crane was built. It was mounted on wheels which rolled on 
tracks A and B. A block and tackle was suspended from the 
midpoint C. A load P of 12,000 lbs. was lifted from a stack 
to one side of the center; the angle of the chain at the instant of 
lifting was 20° to the vertical. To prevent the load from 


F 



swinging a lateral puil was everted on it through the rope HP. 
If the entire horizontal thrust were taken by the rail B, what 
was the force Si in the horizontal member CF at the instant 
the load was lifted? Compare Si to the force St in CF in the 
case when a = 0, with the same load being lifted. 

Ans. Pi = 25,130 lbs.; S- = 12,000 lbs. 
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173. The crane shown in the sketch lifts a load of 16,000 lbs. 
Find the reactions of the supports at A and B and the forces 
in the members. 



Ans. The reaction Rb is vertical. R± = 52,200 lbs. ; R B — 3G,200 
lbs. (downward). The forces in the members are: 
Member No. 1 2 3 4 5 

Force, lbs. - 32,700 +22,700 - 28,700 - 12,0 00 +38,100 

174. The crane shown in the sketch lifts a load of 0000 lbs. 
Find the reaction of the supports and the forces in all the members. 



Ans. R a = 5600 lbs 
The forces in 1 
Member No. 
Force, lbs. 
Member No. 
Force, lbs. 


(to left); Ii b = 8200 ] 
he members are: 

1 2 
+10,400 -14,900 

5 6 

+7100 +5600 


(* = 47°). 

3 4 

- 14,200 -2500 
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175. The crane structure shown in the sketch carries several 
loads as indicated. Find the reactions of the supports and the 
forces acting in all the members. 



An-s. R a is vertical. Ra = 6000 lbs. ; R B — IS, 000 lbs. 

The forces in the members are: 

Member No. 1 2 3 4 5 

Force, lbs. -12,000 +10,100 -6250 -10,800 -4000 
Member No. 6 7 S 9 

Force, lbs. +4000 —5600 0 —6000 


176. The roof truss shown in the sketch carries three loads as 
indicated. Find the reactions of the supports and the forces 
acting in the members. 



Arts. 



Member No. 1 2 3 4 5 

Force, lbs. -14,600 +11,600 -4900 -9500 -9500 

Member No. 6 7 8 9 

Force, lbs. +7800 -1600 -11,200 +8900 



177. An electric cable ACB weigh- 
ing SO lbs. and stretched between two 
poles forms a flat curve with a sag at 
the middle CD = 3 ft. The distance 
AB = 120 ft. Find the tension T c at 
the middle of the cable and the tensions 
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T a and Tb at its two ends, assuming that the weight of each half 
of the cable is concentrated at a point 30 ft. from the end of the 
cable. Ans. T t = 400 lbs.; T b = T< = 402 lbs. 

178. A cable car L 
weighing 10,000 lbs. and 
used as a ferry is sus- 
pended from a pulley 
which runs on a 30G ft. 
steel cable AB. The 
cable is fixed to the tops 
of the towers A and B, 

both of the same height and 300 ft. apart. A cable CAD passing 
over the pulley at A and wound on a drum D is used to move tho 
car to the left; a similar cable is used to pull the car to the right. 
Neglecting the cable weight, find the tensions in the cables ACB 
and DAC when AC *= GO ft. 

Note: The point C moves along an ellipse whose foci are at A and B. 
A normal to the ellipse at C bisects the angle ACB. 

179. A suspension 
bridge 60 ft. long hangs 
on two chains. The sag 
of each chain is G ft. 
The load on the bridge 
is 800 lbs. per running 
foot. Find the tension 

in the chains at the middle point C if the curve ADECFGB is a 
parabola. A ns. 30,000 lbs. (approx.). 

180. A rope is supported at two points on the same level 30 ft. 
apart, and its lowest point is 3 ft. below the level of the supports. 
If tho load carried is 15 lbs. per foot (measured horizontally), 
what are the tensions in the rope at the supports and at its lowest 
point? What is the slope of the rope at the support? 

Ans. T = GOG lbs.; H = 5G2.5 lbs.; 6 U « 21° 50'. 

181. A cable 150 ft. in length is suspended between two points 
in a horizontal plane which are 148 ft. apart. If the cable carries 
a load that is uniformly distributed (measured horizontally), 
what is the sag of the cable? 
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186. A cable weighing 12 lb. per lineal foot is suspended be- 
tween two points at the same elevation 1000 ft. apart. The sag 
is 120 ft. Calculate the tensions at the lowest point of the cable 
and at the supports. Ans. T = 12,600 lbs.; T' ~ 14,000 lbs. 

187. Calculate the length of the liable described in the problem 
above, using the data obtained in that problem. 

Ans. L = 1032 ft. 

188. A wire rope, 500 ft. long, weighing 1.25 lbs. per lineal foot, 
is suspended between two supports at the same elevation, 400 ft. 
apart. Calculate the sag and the maximum tension in the rope. 

Ans . / = 134 ft.; T = 378 lbs. 

5. Friction. 

189. Find the angle of repose for a certain kind of earth whose 
coefficient of friction \sf — 0.8. 

Note* The angle of repose is the steepest slope on which a particle of the 
earth can rest without slipping downward. 

Arts, a *= 38° 40'. 

190. A wedge A with a taper of 0.1 in. per 
inch length is driven into a slot BBi by a force 
Q = 12,000 lbs. Find the normal force on the 
faces of the wedge and the force P necessary to 
pull out the wedge. The coefficient of friction 
/ = 0 . 1 . 

Ans. A r = 40,000 lbs.; P = 4000 lbs. 

191. Two hundred sheets of paper each weighing 6 grams, filed 
as Bhown in the sketch, are glued together alternately so as to 
form bundles A and B. The coeffi- 
cient of friction between the sheets 
and between paper and table is 0.2. 
If one bundle is held immovable, what 
is the smallest horizontal force P neces- 
sary to pull out the other bundle? 

Ans. (1) A immovable, B pulled, P = 24.12 Kg. 
(2) B immovable, A pulled, JP «= 23.88 Kg. 
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Can body B have 


195 Body A weighs 100 lbs , B weighs 
200 lbs , and the coefficients of faction are 
for A and B, f — 0 6, and for B and C, 
/ — 0 2 What force P will pre\ ent either 
block from slipping downward? What force 
P will gi\ e impending motion up the plane? 
impending motion up the plane? (a) Sohe 


algebraically (6) Solve graphically 



196 The two bodies, having the 
weights indicated, are connected by a 
cord and have coefficients of faction on 
the mclmed plane as shown What is the 
tension in the cord? What is the mag- 
nitude and sense of the friction acting on 
each body? Does the system move or 
remain at rest? Ans T = 13 4 lbs 



197. Body A weighs 100 lbs and B 
weighs 200 lbs The coefficient of friction 
/for A and B is \i If motion of B is im- 
pending when P = 125 lbs , what is tho 


coefficient of friction for B and C? What is the tension in the 


cord? 


Ans f = M, T » 25 lbs 



198 The ram AB weighing 300 lbs is oper- 
ated by a cam mounted on a rotating shaft 
The distance between the guides C and D is 
b — 4 5 ft The distance between the center 
line of the ram and the contact point of tho 
cam on shoulder M is a = 0 45 ft at the 
moment of dropping The coefficient of fac- 
tion m the guides is 0 1 5 Find the force P nec- 
essary to lift the hammer Ans P- 309 lbs 



199 A bar AB is held by two supports C 
and D CD - a, AC = 6 The coefficient 
of faction of the bar on the supports is / 
The bar is inclined at an angle a to the hori- 
zontal Neglecting the thickness of the bar, 
how long must it be to be in cquihbnum? 

Am 2Z S 26 + a -f- (a//) tan a. 
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D > 


and the rod is / = 0.1. 


200. A horizontal arm AB has a bush- 
ing of length b = 1 inch at A. It is 
slipped over a vertical rod CD. The co- 
efficient of friction between the bushing 
A weight P is suspended at E, a distance 


a from the center line of the rod. Neglecting the weight of 


the arm. find the value of a at which the action of the weight P 


will keep the arm from sliding down the rod. Ana. a ^ 5 in. 



201. A rolling mill consists of two 20 in. 
diameter rolls rotating in opposite directions. 
The distance between the rolls is a = 0.2 
inches. The coefficient of friction between the 
rolls and hot iron is / = 0.1. What is the 
maximum thickness b of a bar which can be 
rolled in this mill? 


Note: In order to pull the bar through the roll, the resultant of all forces 
on the bar should be directed toward the right. 


Solution: 

The bar is acted upon by the normal forces P 
between the rolls and the bar, and by the friction 
forces of P in the direction of motion. Taking 
the horizontal components of the forces, SF r 
= 2/P cos a — 2P sin a Sr 0, or tan a Si /. From 
geometric considerations (with tan a = a — sin or, 
since a is small) (b— c)/2 = (da 5 )/4. But a=f; b—aS CPd)/2; b^a~(f-d)l2\ 
b O.S in. 



202. A pulley of radius R has a shaft of radius r through its cen- 
ter. The two ends of the shaft roll on two cylindrical surfaces AB, 
the radii of which are i?o . The weight of the 



pulley and shaft is T V and the coefficient of fric- 
tion between the shaft and AB is /. A string 
thrown over the pulley has weights Pi and P 
attached to the ends. P > Pi. Find the mini- 
mum value of Pi at which equilibrium will be 
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203 Two boxes Af and N are con- 
nected by the horizontal bar BC 
The coefficients of friction are shown 
Neglect the friction in the pins at B 
and C. (a) What force P will just 
present the boxes slipping down (ha 
chute? (6) What force P will cause 
impending motion up the chute? 


Ans (a) P = 95 lbs , (6) P = 47S lbs 


204. The stone block A, weigh- 
ing 2000 lbs , is raised or lowered 
by means of two wedges B and C 
The coefficient of friction for the 
surfaces A-B and A-C is f - 
/ for the surfaces B-D and C-D is H What forces P are required 
to raise the block A? What forces (P re\crsed) are required to 
lower the load? (a) Solve algebraically (b) Solve graphically 
Ans To raise, P = 641 lbs To lower, P *= 273 lbs 




205 The wedge C is inserted be- 
tween two blocks A and B, which rest 
upon a rough horizontal plane One 
face of the wedge is -vertical, the other 
has a slope of 1 to 3 The coefficients 
of friction at the various surfaces arc 


indicated How much force Q must be applied to the wedge 
to start one of the blocks? Which block will move? What is 


the friction force under the other block when the first one is 


about to start? 


Ans Q = G9 7 lbs 


206. Three bodies A, B, and C, weighing 10, 30, and 60 lbs 
respectively, rest upon a plane inclined at an angle 6 with the 
horizontal The bodies are connected 



by cords as shown 
friction are 

for A 
for B 
for C 


If the coefficients of 

/- 01 , 

/ - 0 25, 

/ = 0 50, 
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dete rmin e the angle 6 for impending motion down the plane. 
Also find the tensions Ft and T t in the cords for this condition. 

Ans. 6 = 21° 5': F x = 2.66 lbs.: F 2 = 6.45 lbs. 





207. A ladder AB of weight w stands on a rough 
fioor and leans against a smooth wall at A. The 
coefficient of friction at B is/. TVhat is the minimum 
value of the angle a at which a man of weight IF can 
climb safely to the top of the ladder? 



Solution: 


The ladder is safe when the reaction Rj. is not 
larger than the friction force i.e.. 2F- := 0. 
From the equilibrium of AB (§ 21). with axes chosen 
as shown. 

-F* = R b — IT — tr = 0, R b = IF -r to, 

I M s = Wi cos a-h - RJdn. a = 0. 


These equations, with fR B ~ R i , give 


/(TT-bir) S 


2TT -f- tr 
2 tan a 


or tan a 


2TF- 


tr 


2/(TT+tr) 


208. A ladder AB stands on a floor and leans 
against a wall. The coefficient of friction between 
the ladder and wall is ft] between the ladder and 
floor it is fz- The total weight of the ladder and 
of a man standing on it is TT. It can be considered 
concentrated at (7, a point dividing the ladder into a 
ratio of m to n. Find the maxi mum angle a between the ladder 
and the wall at which equilibrium is possible. Find the reactions 
of the wall and of the floor at this angle. 



Ans. 


tan a = 


fz(m -b ri) 
772 — Tififz 


B, = 


Wf* 


’ f if - 




W 

1 +fif* 



209. A ladder AB stands on a fioor and leans 
asainst a wall, frictional forces acting at both ends. 
The ladder carries a load P: the weight of the ladder 
may be neglected. The angle of friction of the ladder 
against the wall and on the floor is 15°. Find the 
t nsTimiim distance BP at which equilibrium exists. 


Xorz: The coefficient of friction equals the tangent of the angle of 
friction. 

Ans. BP = VAB. 
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210 A prism ABC is hinged at A 
Two bodies H and G of equal weight 77 
rest on its sides AB and CB II and G 
are connected by a string which passes 
over a pulley B The coefficient of fnc 
tion between the bodies and the prism is/ 
Angles BAC = BCA = 45° Tind the 
angle a between side AC and the horizontal at which G mil start 
to slide down A ns a = tan -1 / 



211 An apparatus for obtaining coefficients of friction con- 
sists of a split bearing AA\ mounted on a horizontal rotating 
journal B, the diameter of 
which is d = 5 in The two 
halves of the bearing are 
pressed against the journal 
by means of a yoke C and 
two levers D and D t The 
short ends of the levers are 
pressed against the bottom 
half of the bearing by 
means of weights P a = 15 
in The whole mechanism 
— bearings yoke, levers, 
and weights — weighs 17 = 80 lbs Its center of gravity is h *= 6 
in below the center line of the journal Each lever weighs 
ta* = 14 lbs , their centers of gravity at F and Pi are 6 = 25 5 m 
from the fulcrums E The weights P, each 16 lbs act at distances 
c ** 45 in from E The bottom half of the bearings weighs 
tc, — 12 lbs When the journal rotates the axis YY turns 
through an angle « = 5° Tind the coefficient of f notion between 
the journal and the bearing Ans / = 0 0057 


y L 



I lw . P 


212 The coefficient of friction 
between the cylinder and the guide 
is/ The cylinder weighs T7 lbs (a) 
What is the magnitude of the force 
P which will just start the cylinder moving honzontally? (6) If 
P is 217, what is the angle 6? 
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213. The coefficient of friction between the cylinder and 
the guide is/. What is the magnitude of the moment M which 

will just start the cylinder rotating 
on the guide? 

fWr 


r 

— \\ — 

— 1 

L-J 

i 

-UJ 


r ~ 




i 


Ana. M = 


(p -r- 1) sin 0/2 


214. A cylinder weighing IT lbs. rests on two supports A and 
B symmetrically spaced about the vertical center line. The co- 
efficient of friction between the cylinder and 
the supports is /. (a) What is the magni- 

tude of the tangential force P necessary to 
start the cylinder rotating? (6) For a cer- 
tain value of the angles 6, this device is self- 
locking. What is the angle $ for which 
P would have to be infinite in magnitude to 
start rotation? 

fK . f . 



p = 


(i sr-) cos <?-f 


; <? = co 


i +r- 



213. Neglecting friction between the slide 
block and the groove and in all the pins and bear- 
ings of this crank mechanism in the position 
when the angles are 8 and 6 as shown, what is the 
magnitude of P necessary to support IT? If the 
coefficient of friction between the slide block and 
the groove is/, what are the minimum and maxi- 
mum values of P which will hold IF immovable? 

a*,, 

r sm (p -f- 6) 


216. A cylinder Oi rests between two plates hinged together 
at 0. The axis of the cylinder is parallel to the axis of the hinge. 
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% a j o The plates compress the cylinder under the 

action of two equal and opposite horizontal 
forces P applied at A and B The weight 
of the cj Under is TF, its radius r The co- 
efficient of friction between plates and c>I 
inder is /, the angle AOB = 2a, AB = a 
Under what conditions will the cylinder be in equilibrium? 

TT TT r 



Ans 


■SPi 


S Itta + Z COS a a 6in a — / COS a 

An upper limit does not exist for tan a < / 


217 A step ladder consists of two 
identical parts hinged together at B 
It stands on a plane inclined at an angle 
P to the horizontal The coefficient of 
friction between the foot of the ladder 
and the inclined plane is /, / > tan p 
Neglecting friction m the hinge B find 
1 The range of values of the angle 
2 a within which the ladder remains in 
stable equilibrium 
2 The conditions under which the frictional force at A will 
equal zero while the ladder is in equilibrium 

Note For small values of 2a the ladder may tip over the point C, for 
large values of 2a the tiro parts of the ladder may slide apart 

Ans 1 tan a — tan p -f V(/ — tan p) 1 +/ tan 0 
2 tan a = 2 tan p 
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6 Concurrent Forces 



218 A comer post consisting of two equally 
inclined timbers AB and AC, joined together 
at the top, supports two horizontal cables AD 
and AE Angle BAC ~ 30° and angle DAE 
= 90° The tension in each cable is 200 lbs 
The plane BAC bisects angle DAE Find the 
forces in the timbers neglecting the effects of 
their own weight 

Ans S 8 = - S c = 200(1 -f- V3) = W0 lbs 
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219. Two horizontal telegraph wires AD and 
AE are attached to the top of a vertical pole AB 
which is braced by the support AC. Angle 
DAE = 90°. The tension in AD is 24 lbs. and 
the tension in AE is 32 lbs. Find the angle a 
between the planes BAC and BAE at which the 
pole and its support will not be bent out of their 
plane. Find the force S in the brace if it makes 
an angle of 60° to the horizontal. 

Ans. a — tan -1 f ; R = 40 lbs.; S = SO lbs. 


220. A captive balloon is held by two ropes which include an 
angle of 90°. A horizontal wind blowing against, the balloon 
causes the plane of the ropes to make an angle of 60° with the 
horizontal plane. The direction of the wind is perpendicular to 
the intersection of the plane of the ropes and the horizontal 
plane. The inflated balloon weighs 500 lbs.; its volume is 7500 
cu. ft. Assume the surrounding air to weigh 0.0S1 lb. per cu. ft. 
Find the tensions in the ropes and the force of the wind against 
the balloon. Ans. R = 124.1 lbs.; T = S7.6 lbs. 



221. A weight Q ~ 100 lbs. is suspended 
from the upper end of a rod AO which is 
hinged to a wall and supported by two hori- 
zontal c hains of equal length BO and CO. 
The rod is inclined 45° to the horizontal. 
Z CBO — Z OCB = 45°. Find the force S 
in the rod and tension T in the chains. 



Solution: 

The four forces acting on the point O 
are in equilibrium (§ 23a). From sym- 
metry consideration, the tensions in 
the chains are equal in magnitude (also 
ZF r = Tc sin 45° — Fb sin 45° = 0; or 
Tc= Tb). 

XF = = S cos 45° - 2 T cos 45° = 0, 
SF s = S cos 45° - Q = 0. 

Solving these equations, we find 

C 

1 • rp __ ry-f tt 
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222. A mast is held in a vertical position by 
four symmetrically located guy ropes. The angle 
between each pair of adjacent ropes is 60°. Find 
the force of the mast against the earth, if the 
tension in each cable is 200 lbs. and the weight 
of the mast is 400 lbs. Ans. F = 966 lbs. 



223. The four edges AB, AC, AD, AE of a 
regular pentagonal pyramid represent in value 
and in direction four forces to the scale 1 ft. = 1 
lb. The altitude of the pyramid is 10 ft. and 
the radius of a circle circumscribing the base is 
4.5 ft. Find the resultant force R and the 
distance x from 0 to the point at which it inter- 
sects the base. 

A ns. R = 40.25 lbs.; x « 1.125 ft. 


224. A weight E = 10 lbs. is suspended on a 
rope from the top of a tripod ABCD. The legs 
are of equal length, stand on a horizontal floor 
and form equal angles with each other. The 
angle between each leg and the rope is 30°. Find 
the force S in each leg. Ans. S = 3.85 lbs. 

225. A tripod stands on a smooth floor. The lower ends of its 
legs ore tied together by means of a string so that the legs and 
strings form a regular tetrahedron. A load P is suspended from 
the top of the tripod. Find the reactions R of the floor on the 
feet of the tripod and the tension T in the string. 

*»■ 



226. Solve the previous problem assuming the legs to be tied 
together at their midpoints rather than at their ends. Take into 
consideration the weight p of each leg, assuming it to be concen- 
trated at the midpoint. 

P+S p „.P. Tm g P + Sp'fc . 
= p+ 3’ 18 


Ans. R ‘ 


227. Four balls O, A, B, and C of equal radius 2 inches and 
each weighing 20 lbs. form a pyramid. A, B, and C lie on a 
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smooth, floor touching each other, tied together by means of a 
string around their equatorial plane. 0 rests on top of the 



others. Find the tension in the string caused by the -weight of 0. 

Ans. T = 2.72 lbs. 



228. A portable crane 
shown in the sketch carries 
a weight Q = 4000 lbs. AB 
= AE = AF = 6 ft.; angle 
EAF = 90°. The plane of 
the boom and the vertical 
column bisects the dihedral 
angle EAJBF. Neglecting the 
weights of the crane parts, 
find the compressive force Pi 
in the vertical column AB 
and find the tensions P : , P 3 , 
and Pi in the chain BC and 
in the cables BE and BF. 
11,520 lbs.; P 3 = Pi = 10,000 lbs. 


229. Strings AD, BD, and CD are fixed at points A, B, and 
C, each at a distance l from the origin 0. They are tied to- 
gether at D. BD = AD = CD = L. The 
coor dina tes of the point D are x — y 
= S = HQ - V3L : - W). A load Q is 
suspended at D. Find the tensions Ti, T : , 
and T 3 of the strings, whe?n L < 1. 



7 t 


Ans. h = Ti = Q 


- ,-c 

Z. 


L(l - V3 L- - 2T ) . 
ZUZL- - 2P * 


_ ^ L(l -f- 2\ZL- - 21-) 


T z = Q 


ZUZTA - 2F- 




116 


STATICS 


7- Reduction of a System of Forces to a Simpler Form. 

230. The box in the sketch is acted 
upon by three forces, two along tho 
edges and the other along a diagonal, 
as shown. Reduce these forces to a 
system consisting of a single force, 
acting through point 0 , and a couple. 

Solution. 

Each of the given forces is resolved into 8 single force acting through 
point 0 and a couple (§27) These are then combined into a single force 
through O and a couple The calculations are shown m tabular form* 


F 

F, 

F, 

F. | 

L "• 1 

if, 

1 

if. 

20 

- 

-20 

B 

■ ■ 

- 

-160 

40 

-40 

■ 

B 

B 


- 

60 


m 

+36 

+ 144 


-192 


1 + s I 

1 -20 1 

+36 

! +144 i 

-240 i 

- 352 


B - VS’ + JO' + 36’ - 4t I6» , 
a «= cos" 1 42 “ 79° O', 

— 20 

0 - cos-i « 118° 25', 

7 - COS-' ?! - 31” O', 

C - Vfi3’ + 23o’+332’ - iSOlbt-ll, 

144 

« =» cos'* «» 71 20 , 

v - cm ~‘ tst “ ,22 ° ls '> 

7’ - cos- 141’ SO’ 



Ans The equivalent system consists of a single force of 42 lbs passing 
through the origin 0, making angles of 79* O', US* 25', and 31*0' with the 
OY, OK, and OZ axes, respectively, and a couple of 450 lbs -ft whose vector 
makes the angles 71* 20', 122* 15', and 141" 30' with the OX, OY, and OZ 
axes, respectively The couple lies in a plane normal to its vector and acts 
clockwise when viewed in the direction m which the vector points 
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231. A box 10 ft. by 6 ft. by 8 ft. is 
acted upon by three forces, as shown in 
the diagram. What single force, acting 
through the origin 0, and couple, are 
equivalent to the force system shown. 

A.72-S. R = 66 lbs. ; C = 826 lbs.-ft. 



232. Replace the system of four forces 
shown by a single force acting through 
0, and a couple. 

Ans. R = 153 lbs.; C = 401 lbs.-ft. 



233. The rectangular parallelopiped 
shown is acted upon by four forces 
whose magnitudes and directions are 
indicated. What single force, acting 
through the origin 0, and couple, are 
equivalent to the force system shown? 
Ans. R = 39 lbs. ; C = 498 lbs.-ft. 


234. (a) Replace the three forces 
shown in the diagram by an equiva- 
lent system consisting of a angle 
force, acting through point 0, and a 
couple. (6) Replace the force sys- 
tem shown in the diagram by a single 
force, acting through the point A, and a couple. 

Ans. (a) R = 225 lbs.; C = 1530 lbs.-ft. 



ir 



235. Replace the force system 
shown in the diagram by a single 
force, acting through the origin, 
and a couple. 

Ans. R — 83 lbs. ; C = 401 lbs.-ft. 


20 lb. 
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/T " F 

7 

F? 

r. 

• 

1 

1 

/ a 

7 

4 

4 

F, 




/: f 

A 




/ 

E F 


! v 

a 


i 


236 Forces are applied to the xertices 
of a cube as shown m the sketch Find the 
conditions under which the cube will be in 
equilibrium 

Ans Fi = Ft — Fj = Fi = F* = F% 

237 Three equal forces P act along three 

edges of a parallelopipcd which do not inter- 
act "What relation must exist between the 
lengths of the edges a, 6, and c m order that 
the system of forces may be reduced to one 
resultant force 4ns 6 = a — c. 

238 Four forces Pi — Pj — P t ~ Pi = P 
are applied to the four -vertices A, B,D, and 
H of a cube The force Pi acts along the 
diagonal AC, P* acts along HF, P a acts along 
BE, and P 4 acts along DG Reduce the sys- 
tem of forces to its simplest form 

Arut Single force 2 P acting along hne DG 


239 A regular tetrahedron is loaded with sacral forces Fi 
along the edge AB, Fj along CD, and F* in the point E, the middle of 
the edge BD The a alues of Fi and F* are arbi 
trary, the projections of F* on the axes 0\, 
OY, OZ are -(Fi/2), +F.5/GV3, - F,<W 
Can this system of forces be reduced to one 
resultant and if so, find the intersection of this 
resultant with the plane 3 OZ 
Ans Acs The coordinates are 

Af, aV3(F> + F>) 0 

~ R, 0 /, ,y 

5*1 R 240 Six equal forces of 4 lbs each arc 

applied to the a ertices of a cube, the sides of 
which are a = 2 inches long Reduce this 
_ system of forces to its simplest form 

Ans A couple of 1GV3 lb in ,aector directed 
along the diagonal to K 



A 
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241. A system of two forces consists of 
Pi = S lbs. acting along OY and P» = 12 lbs. 
acting parallel to OZ. OA = 3.9 ft. Re- 
duce the system to a "canonical form.” 
Find the angles a, j3, and y which the central 
axis makes with the coordinate axes. 


Solution: 

Following the procedure recommended in 
§ 31a, the resultant force R is equal to 
OA = 14-4 lbs.; its direction is determined 

by ct = 90°; jS = tan -1 1 ; y = tan" 1 1 . The 

resultant moment components are C z = 0; 
C- = 0; C„ = — 3.9 P«; C = 3.9P-, is repre- 
sented by vector DO. Component couple 
EO — Ci = C cos y and the force R (vector 
OA) can be replaced (§ 14) by a single force O'K = R, parallel to OA, and 
whose line of action (central axis) is at a distance 00' = C/R = 5.6S ft. from 0. 
The system is now reduced to force O'K equal to 14.4 lbs. and the remaining 
couple C : = C sin y — 25.9 lbs.-fl., acting in a plane perpendicular to O'K. 



242. Three forces Pi, P : , and P 3 are 
parallel to the coordinate axes, as shown in 
the sketch. The points of application are 
A, B, and C at distances a, b, and c from 
the origin O. (a) What is the condition 
under which the forces may be reduced to 
one resultant? (6) What is the condition 
under which there exists a central axis passing through the origin? 

h i C r\. n.\ — Pi _ Pc _ -Pc 

6P S cPi aP t 



Ans. (a) When^--f£ + ^ = 0; (6) when^=^ = ^- 



243. A regular tetrahedron ABCD has 
edges of length a. Fi is applied to A along AB 
and F« to C along CD. Find the coordinates 
x and y of the intersection of the central 
avis with the plane XOZ. 

*«. - - 


x = — 


3V6(Fr + F 2 2 ) 

_ V3 2F.--F! 3 

6 ^(Fr + FY) ' 


a: 
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244 Twelve equal forces P are applied 
to the comers of a cube whoso edges arc a 
in length, as shown in the sketch Rcduco 
this system of forces to a canonical form 
Ans R ~ 2PV(3, cosa = HVo, 

cos /? = mVg, cosy — — KVG, 
M ~ KoPV 6 



24S Six forces act along the edges 
of a porallelopiped with sides 10, 4, 
and 5 ft long, as shown m the sketch 
Px « 4 lbs , P 2 = G lbs , P, = 3 lbs , 
P 4 = 2 lbs , P e = 6 lbs , P« « 8 lbs 
Reduce this system of forces to tho 
canonical form and find the coordi- 


nates x and 2 of the intersection of the central axis with the plane 
XOZ 

Ans R = 5 38 lbs , cos a — 0 37, cos /3 = 0 93, cos y = 0 
M =» 47 G lbs ft , x = - 10 ft , 2 = - II 9 ft 


8 Equilibrium of a Rigid Body 



246 A treadmill consisting of a round turn- 
table mounted rigidly on a shaft AD inclined at 
20° to the vertical is turned by a horse weighing 
800 lbs , who always remains at P on tho hori- 
zontal radius CP CP = 9 ft Tind the turning 
moment around the axis of rotation 

Ans M = 2400 lbs -ft 


247 A windmill has four blades inclined at an angle a = 15° 
to the plane normal to the axis of rotation The force of the 
wind on each blade is 200 lbs , it acts normally to the plane of 
iuo blade and cs applied at a point & ft from the axis of rotation 
Tind the turning moment Ans M = 1865 lbs -ft 



248 An electric motor mounted on 
the axle of a street car exerts a torque of 
3600 lbs ft The radius of the wheels is 
1 8 ft Tind the tracti\c effort at the 
rail, assuming that the car is standing on 
horizontal track Ans Q = 2000 lbs 
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249. Three couples of forces 20 lbs., 
40 lbs., and P lbs. are applied to the 
circumferences of three discs -with diam- 
eters of 12 in., S in., and 4 in. respec- 
tively. The axes OA, OB, and OC are 
all in one plane; AOB = 90°. Find the 
magnitude of P and the angie BOC = a 
for which the system will be in equi- 
librium. 

A ns. P = 100 lbs.; a = 180° — tan -1 0.75. 


250. A crane is mounted on a 
three-wheel car ABC. AD = BD 
= 3 ft.; CD = 4.5 ft.; CM = 3 
ft.; KL = 12 ft. The crane is 
counterbalanced by a weight F. 
The weight of the crane including 
the counterweight is 20,000 lbs., 
and acts at G, a point in the plane 
LMNF at a distance GH = 1.5 ft. 
from the axis MB. The load Q is 6000 lbs. Find the forces on 
the wheels when the plane LMN is parallel to AB. 

Ans. Ns = 1GG6 lbs.; N B = 15,667 lbs.; N c = S667 lbs. 




251. The belt pulley of a generator is S 
inches in diameter. The dimensions of the 
shaft are given in the sketch. The tight side 
of the belt has a tension of 20 lbs., the slack 
side — 10 lbs. Find the torque M and the 
reactions of the bearings due to the belt pull. 

Ans. M = 40 lbs.-in.; 

Rs = 36 lbs. to left; R s = 6 lbs. 



252. A horizontal shaft resting on two 
bearings A and B carries a pulley C of 16 
inches diameter which is loaded by a 
weight Q = 50 lbs. hanging on a rope. 
A load P — 200 lbs. is rigidty attached to 
the shaft by a rod DE. AC = 8 in.; 
CD = 28 in.; PS = 4 in. At equilibrium 
the rod DE makes an angle of 30° with 



122 


STATICS 


the vertical. Find the distance l between the center of gravity 
of P and the axis of the shaft. Find the bearing reactions. 

A ns. 1 = 4"; R A = 60 lbs.; R* = 190 lbs. 


253. A horizontal shaft AS carries a 
gear C of 80 inches diameter and a pinion 
D of 8 inches diameter. The other dimen- 
sions are given in the sketch. A hori- 
zontal force P = 20 lbs. is applied tan- 
gentially to the rim of C; D is loaded 
tangentially by a vertical force Q. Find 
the value of Q and the bearing reaction when the system is in 
equilibrium. 




Solving these, we find 
Yb *= — 20 lbs. (acts down), Xa 
(sets down). 


Solution: 

The components of the bearing reaction* 
on the journal arc assumed to be as shown. 

Considering the equilibrium of forces acting 
on the rotating assembly (§28), the follow- 
ing five equations are written: 

2F, = 20 + X A + Xb - 0, 

2 F v = Q + Ya + Yb~ 0, 

C, = 4Q + 40Y b - 0, 

C, = - 3GP - 40Xa - 0, 

C. = 40 - 40P - 0. 

Q £00 lbs.; Xb = — 18 lbs. (acts to left); 

2 lbs. (acts to left); Yb ■» — ISO lbs. 


254. A workman lifts a load Q = 160 
lbs. by means of the winch shown in the 
sketch. The diameter of the drum is 
4 inches; the length of the crank AK 
= 16 in.; AC = CB = 20 in. Find the 
vertical force P at the end of the crank 
and the forces on the bearings when the crank is horizontal and 
the force P vertical, as shown. 

Ans. P = 201bs.;Rxj = 80 lbs.; P™ ** 

Rxb ~ — 80 lbs.; Rtb 0. 



20 lbs.; 
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2S5. The drum AB of a winch carries a rope on which a load 
Q is hanging. The radius of the wheel C rigidly attached to the 

shaft is 6 times larger than the radius of 
the drum; the other dimensions are 
given in the sketch. A rope wound on 
the rim of the wheel is loaded by a weight 
P = 12 lbs. It leaves the rim at an 
angle of a = 30° with the horizontal. 
Find the weight Q for which the winch 
is in equilibrium; find the reactions at A and B, neglecting the' 
weight of the shaft. 

Ans. Q = 72 lbs.; Rza ~ — 13.9 lbs.; Rta = 32 lbs.; 

Rzb = 3.4 lbs. ; Rtb = 46 lbs. 




256. A rod AB is held in position by two 
horizontal strings AD and BC. At A the rod 
rests against a vertical wall, to which the rope 
end D is also attached. At the point B the 
rod rests on a horizontal floor. A and C are 
on the same vertical line. The rod weighs 
16 lbs. Neglecting friction at A and B, find 
the tensions T A and T B in the strings and the 
reactions of the wall and the floor. 

Ans. T a — 2.30 lbs.; R A = 4 lbs.; 

T b — 4.6 lbs. ; Rb — 16 lbs. 

257. CD and CE are two posts of a crane 
supporting a load of 4000 lbs. attached at C 
and held in position by the guy rope AC. 
Determine all the forces acting at the point C. 
Ans. Force in AC: 5650 lbs., tension; in DC: 

3950 lbs.; in CE: 6080 lbs., compression. 


258. The sketch represents a 
shear-legs crane. It consists of two 
posts CD and CE, hinged together 
at the top and hinged at their bases 
in the horizontal plane DBEHA. 
The two posts are held in position 
by the back-stay AC, which is inclined as shown. The crane 
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carries a load of 4000 lbs. at C. Determine the force in each of 
the members AC, CD, and CE. 


259. The post of this crane rests 
in a socket at A and is kept from 
overturning by two unsymmetrical 
guy ropes CD and CE. The boom 
GH carries a load of 1000 lbs. and is 
turned until it is in the plane of ABC. 
Determine the reaction at A and the 
tensions in the guy ropes CD and CE. 

260. A horizontal bar BD carries a load of 1000 lbs. It is 
supported by a ball and socket joint at A and by two cables BC 



and DE. The coordinates of E are (— 10, —10, — 0), and of 
C are (20, 10, — 6), the axes being chosen as in sketch. De- 
termine the reaction at A and the tension in each cord. 



261. A rectangular plate with sides A B = 4 ft. and AC = 2 ft. 
i inclined at an angle a = 30° to the horizontal plane. At D 
the plate rests on a peg. The comer A is 
fixed. A horizontal force Q = 10 lbs. acts 
at B in a direction perpendicular to BE. 
At C a force P — 8 lbs. acts downward 
perpendicular to the surface of the plate. 
AD = 3 ft. Neglecting the weight of the 
plate, find the distance h between the point 
D and the edge AC and the reaction at the 
points A and D. 

Ans. h = 2.34 ft.; Rj. = 9.7 lbs.; Rd ~ 0.5 lb s . 
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266. The bar AB lies in the XY 
plane, carries a load of 600 lbs. at its 
midpoint, and is pulled by a 400 lb. 
force acting parallel to the Z axis at 
B. The bar rests in a socket at A 
and is supported by the two bars BD 
and CE. The bar BD is horizontal, 
and the line CD is parallel to the Z 
axis. Determine the forces in the 


two bais BD and CE, and determine the axial components of the 


reaction at A. 



267. The bar AO rests in a socket 
at 0 and is held in position by bars 
AB and CD. It is acted upon by a 
load at E and by a force at D acting 
parallel to the Z axis. Find the reac- 
tion at 0 and the forces in the two 
bars AB and CD. 


Solution: 


The bar AO is in equilibrium under the action of the forces AB, CD, 
400 lbs., 900 lbs., and a force at O, which has rectangular components, 0„ 0 V , 
and 0 M . 



Prom the geezsetr? ef the structure (123): 


Length CD « V6* + 4 1 + 4* -8 25 

Length AB «** 10 82' 

The i-component of CD, CD, — g~ CD, 

"•-IKE AB - 

co '-S3J cc - 

w 

& 

i 

o 

CD.-^CD, 

"•-i m AB - 
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in two cases (1) when the wind acts on all four blades, (2) when 
the blade D is dismantled and DE is vertical 
Arts Case 1 P = 800 lbs , R x * = 0, Rta = 267 lbs , Rxc « 0, 
Rzc — 832 lbs , fire — 533 lbs , 

Case 2 P = 600 lbs , Rxa — 160 lbs , Tty a — — 78 lbs , 
Rxc ~ — 40 lbs , Rzc ~ — 624 lbs , fire = 678 lbs 



Ans Rxa *= 


270 A water turbine T exerts a torque of 
720 ft lbs which is balanced by the tooth 
force of the bevel gear OB and the bearing 
reactions The tooth force is normal to the 
radius OB and acts at an angle of 15° to the 
horizontal The total weight of turbine, 
shaft, and gear is 2400 lbs The center of 
gravity of the system lies on the \ertical 
center line OC OB = 1 8 ft AC = 0 ft 
and AO = 3 ft Find the reactions of the 
step bearing C and of the sleeve bearing A 
21 4 lbs , Rza = 533 lbs , R xc = - 21 4 lbs , 


fire = 2507 lbs , Rzc = - 133 lbs 


271 The connecting rod of a steam engine exerts a force 
P ~ 4000 lbs which acts through the center of the crank pm 
D at an angle of 10° to 
the horizontal The crank 
plane ODOi is at an angle 
of 30° to the vertical The 
flywheel on the crankshaft 
acts as a pulley and trans- 
mits the power to the main 
line shaft by means of a 
cable, both sides of which 
are parallel and extend in a direction 30° to the horizontal The 
force P is balanced by the tensions T and i in the cable and the 
bearing reactions at A and B The flywheel weighs 3000 lbs , 
its diameter is d — 6 ft The sum of the tensions T 4* i » 1500 
lbs The crank radius is r 4^ m , 1 = 10 in , m = 32 in , 
» = 18 w Find the reactions of the beanngs A and B 

Ans Rxa = - 3140 lbs , Rta ** - 1028 lbs 
r xb = - 4090 lbs , Rtb - 2o$2 lbs 
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27 2. A pulley hanger is bolted to the ceiling AfiY at A and C. 
Point B rests against the ceiling. ABC forms an equilateral tri- 
angle 12 inches on a side. E is the center of ABC. EF = 16 in. 
FD = 20 in. EF is perpendicular to the plane of ABC', FD is per- 



pendicular to EF and is parallel to AC; the plane of the pulley is 
perpendicular to FD. The tension in each side of the belt is 
240 lbs. and they leave the pulley at an angle of 30° to the ver- 
tical. Find the reactions at A, B. and C. Xeglect the weight of 


the pulley and hanger. 

Ans. R-s — 2S0 lbs.; i?zj. — 


370 lbs.: R :s = 230 Ibs.; 


R rc = _ 520 lbs.; Rzc = - 1016 lbs. 



273. A dynamometer built as 
shown in the sketch measures the 
torque transmitted from pulley A 
to pulley B. Both pulleys rotate 
freely on the fixed axle 00 x . The 
bevel gears C and D are attached 
rigidly to A and B, respectively, 
and they mesh with gears E and F 
which rotate around the vertical 
shaft LLi- Shaft LLi can rotate 
about shaft 00 x and is held from 
doing so by the spring balance P 


fixed at K. The diameters of gears C, D, E, and F are each S in. 
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The torque transmitted from A to B is 960 in.-lbs. LK is per- 
pendicular to the plane OLOi ; LE = 20 in. Find the forces N 
exerted by the gears E and F on the shaft LLi and the reading on 
the spring. Ans. Nr L = — Nbl ~ 240 lbs.; P = 80 lbs. 

274. A rectangular picture hangs on a vertical wall. It is 
suspended from a hook K by means of a wire FKE. The side AB 
is 2 ft. long and rests horizontally on two nails at L and ill. 
Ah = .Mi?. The wire is attached to E and F. AE = ED = BF 



— FC — \\i ft. The angle between the wall and the picture is 
tan -1 The picture weighs 40 lbs. and its center of gravity 
is in the center of ABCD. The wire is 2 ft. 10 in. long. Find 
the tension T in the wire and the forces on the nails L and M. 

Ans. T - 17 lbs.; R X l - Exit « — 9 lbs.; 

Rtl ~ Ryu “ — 12 lbs. 



275. A rod AAi is suspended on two 
wires BA and BiAi of equal length, fixed at 
B and B t . The length of the rod A A\ = BBi 
= 2 r; its weight is P. The rod is turned 
around a vertical axis through an angle a. 
Find the moment M of the couple necessary 
to hold the rod in this position. Find the 
tension T in the wires. 


276. A round table AiA^At stands on three 
/ /* r 7V\ legs Ai, and A t . A load is placed in the 
■A Jr -l — ri j center 0. If the forces in the legs arc in the 
ratio of 1:2: V3, what are the angles, 4>u 
and Ans. <*n = 150°; = 90°; & “ 120°. 
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Ac — 


P-fp 2tK3 
3 p 3a * 


27S. The depth to which the piers of a bridge were sunk below 
the bottom of a river was calculated on the assumption that the 
weight of the pier and its load were balanced by the reaction of 
the ground against the bottom of the pier and the friction of the 
ground against the sides of the pier. The ground — fine sand, 
saturated with water — was considered as a liquid. The load on 
each pier is 323,300 lbs. The pier weighs 5220 lbs. per foot 
height. It extends 2S ft. above the water level and the water is 
21 ft. deep. The area of the bottom of the pier is 38.5 so. ft.; 
the side surface is 22 so. it. per foot height. The weight of the 
water-saturated sand is 114.4 lbs. per cu. ft.; water weighs 62.3 
lbs. per cu. ft. The coefficient of friction between the iron caisson 
surrounding the pier and the sand is / = 0.176. Find the depth 
h to which the pier is sunk below the river bottom. 

Arcs, h — 4.0 ft. 


9. Centroid and Center of Gravity. 



279. Find the position of the center of gravity 
C of a wire frame AFBD which consists of the 
quarter circle ADB of radius FD — R and the semi- 
circle AFB of diameter AB. The wire is uniform 


in both arcs. 


Ans. 


CF = R 


- - 2 -f- 2\2 
*(1 w ^ 2 ) 
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280. Find the position of the center of gravity 
C of the area of a circular segment ADB. Radius 
AO = 30 in.; the angle AOB is 60°. 

Arts. OC = 27.7 in. 



281. Find the position of the center of gravity 
of an area bounded by a semicircle AOB of radius 
R and by two straight lines AD and DB, OD 
= 3R. Ans. OC = 1.19R. 



282. Cut a rectangular plate ABCD along the line 
DE through the comer D in such a way that when 
the part ABED is suspended at the point E t the side 
DA — a will be horizontal. 


Solution: 

The center of gravity of DEBA mu9t be located vertically under E 
(5 32), Assuming CD — h] EB = x, the centroid of DEBA is at the 
distance x from AB. Considering ABCD as consisting of parts DEBA and 
CDE (§ 37), we may write 

Solving, we find x =■ O.SC6a. 



283. Find the coordinates of the center of grav- 
ity of the cross-section of an angle bar as shown in 
the sketch. OA = a; OB = b; AC — BD = d, 

k _ a? + bd — eP 4 - ad — d 2 

Ans. x - 2 {a + b-d) " 2(b + a - d)' 



284. Find the center of gravity of a plate 
having the shape shown in the sketch. 
AH = 2 in.; HG *= 1.5 in.; AB *= 3 in.; 
BC -> 10 in.; EF = 4 in. ; ED *= 2 in. 

Ans. £ = 5.77 in.; » 1.77 in. 
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285. A board ABCD, 2 ft. square, has a square hole EFGH 
cut in it as shown. The sides of the hole are parallel to the sides 
of the board and they are each 0.7 ft. long. 0 and Oi are the cen- 


4— P 

IffRfTff: 

x 

D C 

ters of the two squares. OK and OiK are parallel to the sides 
of the squares and OK — OiK — 0.5 ft. Find the coordinates x 
and y of the center of gravity of the remaining board material. 

Ans. x — y = — 0.838 in. 

jj 286. In a square ABCD with sides equal to a 

in length, find a point E such that it will be the 
center of gravity of the figure obtained when the 
isosceles triangle AEB is cut out of the square. 

Am. y = 0.635a. 

287. Four men carry a triangular plate. Two hold vertices 
of the triangle. The other two hold the two sides forming the 
third vertex. How far from the third vertex should these men 
grasp the plate so that each man nil! carry )4 of the weight of 
the plate? Ans. At ¥ of the side length from the vertex. 


r 



289. Determine the coordinates 
of the centroid of the shaded area 
shown. 

Ans. x = — 4.44 in.; y = 3.12 in 
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290. A thin plate of tin made up 
of two triangles and a square has 
been bent as shown in the figure, 
the isosceles triangle being in the AT 
plane, the right tnangle in the YZ 
plane, while the square remains in 
a horizontal plane Determine tho 
coordinates of the center of gravity of the plate vhen bent as 
specified A ns £ = 3 33in,£ = 0 444 in , l = 3 55 in 




291. Determine the coordinates of the cen- 
troid of the quarter ring indicated by tho 
shaded area Ans £ = # = 1 38 in 



292. Find the coordinates of tho center 
of gravity of a truss made of sc\en mem- 
bers, as shown in the sketch The weight 
per umt length of each member is the same, 
their lengths are shown in the drawing 

Ans £ = 4 41 ft , j> = 2 82 ft 


T 



z/3 ii 


293. Find the center of gravity of a sys- 
tem of weights located at the vertices of the 
rectangular parallelopipcd shown m the 
sketch AB = 20 m , AC =10 m , AD 
= 5 in The weights and their positions arc 
Comer ABCDEFGH 
Weight 1234 5343 lbs 

Ans £ = 96 m , £ = 6 0 in, 2 = 32 in 



294. ABCDEF is the frustrum of a tetra- 
hedron The area ABC ~ a and the area DEF 
= b The altitude of the frustum is h Find 
the distance g of the center of gravity from tho 

base ABC. 

h w q -f 2Va 6 + 3b 


Ans g « 


r x 


a + Va 6 + 6 
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295. A body consists of a cylinder of height h 
mounted on a hemisphere. Both have the radius r. 
YThst is the mrrrirrmm value of h for which the body 
vrill remain in stable equilibrium on its hemispherical 
base? 


Xoxz: The body is in stable equilibrium when its center of gravity does 
not lie sbove tbe plane AB. 

SolxtiCT.Z 

The limiting value of the distance x from the point of support to the 
centroid of the body is x = r. Considering the body as consisting of two parts, 
the hemisphere and the cylinder (|§ 33, 35), we find 



"With x — r, the equation gives h = ^ v2 = 0.707r. 

AT 296. A body consisting of a cone and a hemisphere, 
/{ Y as shown in the sketch, stands on its hemispherical 
/ ■ \ base. Find the msvimnm altitude h of the cone for 
J ° jA which the body will be in stable equilibrium in the 
yiy position shown. Ana. h = 1.73 r. 


A t % 

297. Find the centroid of the I- 
beam section, the dimensions of 
which are given in the sketch. 

Ans. x — 3.6 in. 

298. Find the center of gravity of the dam cross-section shown 
in this figure. Ans. x = 24.51 ft.; y = 5.67 ft. 
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as shown in the sketch, 
mg the weight of the beam. 


209. A horizontal beam AC sup- 
ported at B and C carries between B 
and C a distributed load of intensity 
q lbs. per unit length; between B and 
A the load intenstiy decreases to zero, 
Find the reactions at B and C, neglect- 


A ns. Ri 


= |(.1a + 3! + j),up; R c -|(« - f ) - « 



300. A vertical shield of a dam carries 
the pressure of salt water to a depth 
H = 12 ft. The shield is supported at A 
and B. A cubic foot of the water vcighs 
q = 64 lbs. Find the linear reactions of 
the supports A and B. 

Arw. R a = 1536 Ibs./ft. ; R 0 = 3072 Ibs./ft. 



301. A rectangular gate AB of an irrigation 
canal is built as shown in the sketch. It can 
rotate about a pivot 0. When the water is 
low, the gate is closed, but when the water 
reaches a level H, the gate swings about the 
pivot and opens the canal. Neglecting fric- 
tion, find the height II above the lower edge A 
of the gate when it will open. 

Ans. II — 3/i sin a. 


f? 302. A beam AB carries a dis- 
tributed load shown in the sketch. 
The intensity of the loading is q 
I*— ^ ^ lbs. per unit of length at the ends 

A and B, and 2 q lbs. per unit of length at the center of the beam. 
Find the reactions of the supports B and D. 

Ans. R b = lbs.; Rd = 9^ lbs. 




303. Find the coordinates of the centroid of 
the shaded area shown in sketch. 

Ans. 2 - 0.50 R, V - 0AQR. 
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304. Find the centroid of the parabolic 
segment shown. Ans. x = 0, y = 2.4 in. 


10. Moment and Product of Inertia of Plane Areas. 


I 

U— 


r 

-Ur/ 




Y 


64 6 ' 


305. A built-up girder is made up of two 
16 in. X 1 in. cover plates, one web plate 
22 in. X 1 in., and four angles, each 6 in. 
X 6 in. X 1 in. Determine the moments 
of inertia with respect to the x and y axes 
shown. 

Ans. I- = S930 in.*; I v = 1072 in. 4 . 


.a 


-18- 




w>r K_ 


ir 


T 

A" 


14 I 


j 

— JT 


i—Y- 


r 


306. A built-up column 
is made up of two cover 
plates IS in. X 1 in., two 
channels 15 in. X 35 lbs., and 
two web plates 14 in. X 1 in. 
The centroid of a single 
channel is at (7, as indicated 
in Sketch A, its moment of 
inertia is S.4 in.’ with respect to axis 2-2 and 31S.7 in. 4 about axis 
1-1; the area of one channel is 10.23 sq. in. Determine the mo- 
ments of inertia of the column section with respect to the x and 
y axes. Am. I = = 3404 in. 4 ; I,. = 224S in. 4 . 


12 

A 



307. Determine the product of inertia of the 
shaded area with respect to the axes given. 
(Derive by direct integration.) 

Ans. P =v = - lia-b-. 



6 O 


308. Determine the product of inertia of 
the shaded area with respect to the axes given. 
(Derive by direct integration.) 

AnS. — -r-r a"lr. 


X 
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309. Compute the product of inertia of 
the shaded area ■with respect to the x and 
y axes. 4ns. P, 7 = — 7.67 in. 4 . 



310. Determine the product of inertia, 
Pit, for the shaded area shown. 


Solution: 

The product of inertia of the Bhaded area ABCD is equal to the product ol 
inertia of area AFED minus the products of inertia of areas ABF and 
DCE (§ 42). 

For AFED, ~ 180 (6) (- 7.5) - - 8100 inA 

For ABF, P„ - 5^12-+ i X 3 x 12 X (4) (- 1) - - 54 in.*. 

For DCE, P„ - , X 6 X 12 X (4) (- 13) - - 1911 in.'. 

P„- - 8100 - 61 - 1911] - - CIOS in.*. 



311. For the shaded area shown: (a) Lo- 
cate the centroid. (6) Determine the prod- 
uct of inertia, P zv . (c) Determine tho 
product of inertia, P, V1 for axes parallel to 
the given axes and passing through the 
centroid. 

4ns. £ = 4.67 in.; # = 1.2.67 in.; 

P Z7 = - 38G0in. 4 ;P„ = - 2346 in. 4 . 



312. For the shaded area shown: 
(a) Locate the centroid. (6) Find the 
product of inertia, P XM , for the axes 
shown, (c) Find the moment of iner- 
tia, I xt for an axis passing through the 
centroid. 

4ns. £ = 0.89 in.; # = 0.552 in.; 

P„ = -f 143.0 in. 4 ; 

I, = 3S9 in. 4 . 
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313. For the shaded area shown: 
(a) Locate the centroid. (6) Find 
the moment of inertia, I , , about the 
y axis, (c) Find the product of 
inertia P~ 

Ana. x = — 1.39 in.; y = 0.63 in.; 
I, = S94in. 4 : 

P = - = - 23.5 in. 4 . 



F 


314. A structural section is made up of one 
web plate 15 in. X 1 in., and two angles S in. 
X4 in. X 1 in., as shown in the sketch, (a) Lo- 
cate the centroid. (6) Determine the principal 
axes and principal moments of inertia for axes 
passing through the centroid. 

Ana. 5 = 0: y = 4.S5 in.; I- = 59S in.-*; 
I- = 77 in. 4 . 




315. For the shaded area shown: (c) 
Compute I~, and P =T . (jb ) Find the 
moment of inertia about an axis OK making 
an angle of 60 c with the x axis, (c) Deter- 
mine the principal axes of inertia passing 
through point 0, and the corresponding prin- 
cipal moments of inertia. 


SoJidicr,: 

Tee vslc.es are 
(c) (|f 40, 41, 42), 

t = |x5xs ! -;Xixi ; = 44' 

o o 

i, = S X 3 X 4 ! -f s X - X l 1 = 6JL7 in*, 

o O 

P_ = 12 X (A 2) (-f 1.5) r2(-^(-r2) = 4 SS in.*, 
(b) (§44), 

I ci = 44.7 cos 1 60= A 64.7 sm 1 60= - 2 X 34 sin 60 1 cos 60° 
= 1142 A 4S.5 - 29.4 = SO£ in*. 
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2 X 34 

‘ 64 7 - 44 7 ' 


r 73° 30 36° 45 Axis of Min I, 

■j or a = - 

I 253° 30 126° 45 Axis of Max I 

± - 54 7 ± 35 5, 


1° 45 Axis of Max I 


r 44 7 + 64 7 

in 2 

/o»»* = 90 2 in* 

/min = 192m* 


yj^Q® 316 Tor the shaded area shown (a) Dctcr- 

t 1111116 •**> and P,„ (6) Determine the 

moment of mertia about axis OK making an 
1‘ 4 5_£ — ** angle of 30° with the x axis (c) Determine 

the principal axes of inertia passing through point 0 (d) 

Determine the principal moments of inertia 

317. It is known that for the plane area shown 
Y /u 7* = 400m 4 , J y = 150 in 4 , P*„ = — 200 in 4 

/ Determine 

(a) The directions of the principal axes (b) The 
y J values of the principal moments of inertia (c) The 
' moment of inertia of the area with reference to the 

axis O-U, inclined at an angle of C0° to the x axis 
_ 318 For a gi\cn area, I* = 120 m *, I v = GO 

® m *, P xy — — 40 in * (a) Determine the prin- 

* . cipal moments of inertia (6) Determine the 

moment of mertia about an axis inclined at an 
angle of 30° to the x axis 

j ty 319 Tor tho shaded area shown in 

/- this figure, J x = 30 75 in *, l p *= 10 75 

I | I ‘j / m \ P,„ = - 10 00 in 4 The x and y 

s f 3 | y axes pass through the centroid Deter- 

mine the moment of inertia with respect 

^ ° j to the axis AB Determine the product 

~ ——1 1— 7T~T- iner t ia with respect to the axes AB 

, ' and AC Determine the principal mo- 

** J 4 — — *j ments of inertia for axes through tho 

1 centroid 0 Determine the moment 


-aX 

rrfii 
Ji L 

m 
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of inertia with, respect to an axis KK which passes through the 
point 0 and is inclined at 45° to the x axis. 



320. For the structural angle shown: (a) locate 
the centroid, (b) Determine the principal axes of 
inertia for axes passing through the centroid. Com- 
pute the corresponding principal moments of inertia. 



PART II. KINEMATICS 

MOTION OF A POINT 

11. Rectilinear Motion of a Point 


t**x velocity 
3-<J<stanee 



321. The space-time curve for a certain 
motion is the quarter circle shown in tho 
sketch. Draw the velocity-time curve. 


322. The broken line OABC 
and the Ol axis beyond the point C 
form a diagram of train speeds in 
miles per minute. Find the dis- 
tance from the starting point that 
the train traveled, as a function of 
time during the periods: (1) from l = 0 to t = 40 min., 

(2) from t - 40 to t >= 100 min., 

(3) from t = 100 to t = 110 min., 

(4) from t = 110 to t = 120 min. 

Ans. (1) S = 0.0125 P mi.; (2) S = (t - 20) mi.; 

(3) S = (lit - 0.051* - 520) mi.; (4) S = 85 mi.; 

(1 measured In minutes), 

323. A point travels on a straight line. Its distance in inches 
from a fixed point on the line is s = 4 t — 2 P. Find the velocity 
v and the acceleration a of the point at any time t. Draw the 
space-time and velocity-time curves. 

Arw. v = (4 — 41) in./scc.; a «= — 4 in./sec.*. 

324. A point moves in a straight line in accordance with the 
law *—=(£* — 40t) feet. Find the velocity when i « 5 sec. 
What is the average velocity for the second preceding the instant 
named? Where and when does the particle stop? 

Ans. r* — 35 ft./sec.; t’,. *= 21 ft./scc. 

Stop at 1 «=* 3.65 sec.; * = — 07.4 ft. 
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325. A point moves in a straight line in accordance with the 
law s = 36f — 3F, where a is in feet and f is in seconds. Find the 
velocity when t = 3 sec. and when t = S sec. What is the 
average velocity for the second preceding the instants named? 
For the second following the instants? Does the particle stop? 
If so, where? When? 


Solution: 

Tee velocity of the point is (§§ 50. 51), r = ~ = — 9? 4- 36, 

Cu 

1 = 3, r 3 = — 9 (3)- -7- 36 = — 15 fi.jsec 

l = S, r 3 = - 9 (&)'- -f 36 = - 5A0 ft. [sec. 


The average velocity is 

Disnlscement during time interval 


r-v = 

r*_j = 

Cl-, = 

Crs = 


h ~ U 

St — 

U — f 1 


Time interval 
4- 27 - 4S 
3-2 
- 4S - 27 


i — , 


= - Slfljttc* 
= — 75 ft.! see.. 


Si - Sr - 124S - (- 777) 


ts — U 


S - 7 


= — 171 fl.fsec 


- IS 63 - (- 124S) 
rs_J 9 - S 


613 ft. [sec. 


The particle stops -when r = 0. 

r = — 95 -f- 36 = 0, t i 2 sec. 
Using only f = 4" 2 sec., the particle stops at 

*4-s = - 3 (2) 1 4- 36 (2) = 4- 4S ft. 


326. A ship, while being launched, slipped down the skids with 
a uniform acceleration. The first foot was traversed in 10 sec- 
onds. How long did it take to pass over the skids? The length 
of the skids was 400 ft. Ans. T = 3 min., 20 sec. 


327. A shell leaves the muzzle of a gun with a velocity of 1500 

ft ./sec. Ass umin g a uniform acceleration during the motion of 
the shell inside the gun, find the time it took to travel through the 
gun barrel, which is 3 ft. long. Ans. T = 0.004 sec. 

328. A train leaves a station with a uniform acceleration of 

1$ ft. /sec. 2 . At what distance from the station will its speed 
be 4-S mi./hr.? Ans. S = 7460 ft. 
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329 A train moves with a velocity of 48 mi /hr The brakes 
can retard the tram at the rate of 1 2 ft /sec s How far from 
a station should the brakes be applied? 

Ans S = 2070 ft T = 59 sec 

330 The ram of a pile driver hits a pile and tra\els -with it 
after the impact The pile is dmen in 3 inches, moving this dis 
tance in 0 02 seconds If the motion were uniformly decelerated 
what was the velocity of the ram at the instant of impact? 

Ans 25 ft /sec 

331 Water dnps from a pipe at the uniform rate of 10 drops 
per second After a drop has fallen for one second, i\ hat is the 
distance between it and the drop following it? Ans 3 0G ft 

332 A point starting from rest moves on a straight line with 
an acceleration of 12 ft /sec 1 Another point starts from the same 
place as the first point two seconds later, and moves with a um 
form velocity of 54 ft /sec in the same direction How soon will 
the second point reach the first? 

Ans One second after it starts 

333 Solve the previous problem with the additional condition 
that the first pomt starts with an initial velocity of 12 ft /sec 

Ans The points will not meet 

334 The acceleration of a point is 12 1 in /sec ’, directed along 
the x axis in a negative direction At t = 2 sec its \cIocity 
r = 6 in /sec is directed along the x axis in the positiv e direction 
When t — 3 sec , the point is 50 in from the origin Tind the 
equation of motion 

Solution 

Calling the distance of the pomt from tho origin x we find {$ 57) that tho 
equation of motion is 

^ 121 when 1-2 § - 6 when 1-3 I - 60 

at 1 at 

Integrating weha\e 

75"- 6 *+« 

x - - 2f» + Cit + C, Ct - + 30 C» - + 14 
x - - 2P + 30/ + 14 

335 A point mo\ es on a straight line Its motion is described 
by the equation / = c login (& 4* s), where s is the distance of the 
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point from a fixed reference point and c and b are constants. 
Find the velocity v and the acceleration a of the point at any time t. 

Ans. v = ^log e lo) X 10 i/e ; a = ^log.iojx 10" e . 

336. The motion of a point moving on a straight line is de- 
scribed by the equation 

x = (1 - e~ Wm ), 

rO 

where v 0 , m, k, and e are constants. Describe the character of this 
motion in physical terms. Find the acceleration a as a function of 
the velocity v. . k 

S • Of ~~ " — 

m 


337. A point moves along a straight line, the distance from a 
fixed point beings = a sin kt, where a = 4 in. and k = 34 rad. /sec. 
Draw the curves of position, velocity, and acceleration as functions 
of the time. Ans. s = (4 sin 340 m.; v = (2 cos 340 in./sec.; 

a = (—sin 340 in-/ s ec. 2 . 

338. A point moves in a straight line in accordance with the 
law s = 2 sin (0.05t + 2), where s is in inches, t in seconds and 
the angle in radians. Determine the velocity and acceleration 
when t = 10 sec. and when t = 75 sec. Interpret the signs of 
your results. 

Ans. (1) v = — 0.0S0 in./sec.; a = — 0.0030 in./sec. 2 ; 

(2) v = 0.086 in./sec.; a = 0.0025 in./sec. 2 . 

339. The acceleration of a particle moving along a straight 
line is expressed by a — — 32 sin (4f + 30°) in./sec. 2 . What is 
the amplitude? What is the frequency? What is the period? 
What is the angle of lead? Give the equation connecting v and t, 
and that connecting s and t. 

Solution: 

The equations of motion are (§ 57) : 

a = - 32 sin (4 1 + 30°), 

v = fadt = S cos (it + 30°) + Ci, 

s = J'vdt = 2 sin (it -k 30°) -f- C\t + Cj. 
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Assuming C\ « C t = 0, the resulting equation is one of simple harmonic 
motion. 


Amplitude = S inches, 

Period — ~ =* - seconds, 





Frequency “ ^ ~ cycles per second, 

Angle of lead = SO 0 == jr/fi. 

340. From this a-t curve of a 
simple harmonic motion determine 
the frequency, the amplitude and the 
angle of lead or lag. Write out the 
a-t, v-t, and s-t equations, and plot 
the curves of the last two. 


H * | 

'-Hi' .! 


/n 


341. This apparatus is be- 
ing used to compress air. The 
crank is turning clockwise at 
150 r.p.m. The stroke is 18 
inches. Determine the ac- 
celeration o f the piston when 
x ■* 3 in. 

Ans. 739 in./sec.*. 



342. The body TF is supported by a helical 
spring. The block is pulled down a distance of 3 
inches, and is then released, from rest. It then 
executes a simple harmonic motion through A A as 
the central position with an up and down deflection 
of 3 inches. The stiffness of the spring and weight 
of the block are such that the acceleration of the 
block TF is given by the law d'sjdt* = a = — 72*, in 
which the acceleration is expressed in feet per sec. 
per sec. and s in feet. Calculate the maximum 
velocity and acceleration of the block and period of 
vibration. 


An*. v mmx = 2.12 ft./sec.; a*** =* 18ft./sec.*; T *= 0.74 sec. 


12. Curvilinear Motion of a Point. 

343. A point moves counterclockwise on the circumference of 
a circle whose radius is 4 ft., starting at the right extremity of the 
horizontal diameter and moving with a constant speed of one 
revolution in 3 seconds. When the point has covered an arc of 
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150 degrees from the starting point, what are the axial components 
of its velocity and acceleration, if the horizontal and vertical 
diameters are the coordinate axes? 

Ana. t> = = - 4.19 ft. /sec.; tv = — 7.27 ft./sec.; 
<J; = 15.2 ft./sec. 2 ; a v = — S.8 ft./sec. 2 . 

344. The motion of a point is given by the equations x = 3£ 

in.; y = 4 cos 4vt in. Find the equation of, and plot the path 

of the point. . . . x 

Ans. y = 4 cos 4v - • 

O 

345. The motion of a point is given by means of the equations 

x = 10 cos ^ 2- | ^ in.; y = 10 sin ^ 2-~ j in. Find the path of 

the point, the magnitude and direction of its velocity v, and the 
magnitude and direction of its acceleration a. 

Ans. The path i s x- y- = 100 in. 2 ; v = 12.56 in./sec.; 

a = 15.7 in./sec. 2 . 

346. A point moves with a constant velocity of 3 in./sec. di- 
rected at an angle of ~ t radians to the x axis. At the time i = 0 

the point was at the origin O of the coordinate system. Find the 
equation of the path of motion. 

Solution: 

The components of velocity of the point are: 

r __ = *E = Sc °s|t, ry = ^ = 3Eill | f . 

Integrating (§ 57a), with 2 b = 0, Vo = 0, we have 


6 . v. 

x = 


6 6 rr 

p = - — - cos 5 t. 


Eliminating the time (§ 4S), we find that the path of the point is 

6 . v 6 w / 6 \ m 6 V 36 

- sm - t = x, - cos ^ f = I - — y J ] or i-+l y - - ) =p’ 

which is a circle with the center at ^ 0 , — "J • 


347. A train leaves a station and moves with uniformly in- 
creasing velocity. In 2 minutes it reaches a speed of 36 miles per 
hour. The track is curved and has a radius of 1408 ft. Find the 
tangential, normal, and absolute accelerations of the train 1 min. 
and 20 sec. after it leaves the station. 

Ans. at = 0.441 ft./sec. 2 ; c„ = 0.SS0 ft./sec. 5 ; a = 0.9S4 ft./sec. 2 . 
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348 A shell Ieav es the muzzle of a gun with a \ elocity of 1 500 
ft per sec The gun is elevated at an angle of 30° to the horizontal 
Neglecting the effect of air resistance, find the radius of curvature 
P of the shell's path at its highest point 


Solution 

The shell moves with a horizontal acceleration a, = 0 and a vertical ac- 
celeration a„ = — Q = — 32 2 ft /sec * a = 32 2 ft /sec * at any point of 
the Bhell s path 

- 0 r, « 1500 cos 30° = 1299 ft /see 

- - 32 2 p r ■= 1500 sin 30° - 32 21 - 750 - 32 2 1 


At the highest point f,o0 the velocity of the shell is 
= = 1299 ft /sec 

The acceleration at this point can be wntten (§ 55) a = Va, 1 +~ a.* but 
at the highest point, a» = a, = 0 and a ■= a„ = - = 32 2 ft /see * Therefore 


32 2 


(1299) 1 

32.2 


52 400 Jl 


349 The motion of a point is given by the equations x = at 
and y = 6f — pf/2 Fmd the tangential and normal accelcra 
tions of the point 

Ans a ‘ = “ g *T+ (6 — gt )• ' “ “ 9 Va« + (i» - giy 

350 A pomt has a helical motion defined by the equations 
x = 2 cos 4f, y = 2 sin 4f, and z = 2f x, y, and z arc expressed 
m feet Tmd the radius of cun ature of the path of the point 

Ans p = 2H ft 

351 Three bullets, shot horizontally from three points on the 

bank of a lake at heights hi, ht, and hi above the surface of the 
lake, leave with initial velocities of 150, 225, and 300 ft /sec and 
all strike the water at the same time The first bullet, which 
travels the least distance, stakes the water 300 ft from the shore 
Tind the time T the bullets are in the air, and the velocities it i * 
and t * at the instant they hit the water Neglect the effects of air 
friction Ans T = 2 sec , it ** 163 ft /sc c , 

t , = 234 ft /see , t, - 307 ft /see 
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352. The motion of a point is given by the equations 

x = a cos (a -f cd), y = b sin (jS -f at), 

where a, b, a. 8, and a are constants. Find the equation of the 
path over which the point travels. 

Arcs. An ellipse, -f ^ -f 2 ^ sin (a — (3) = cos 2 (a — <S). 

a- br ab 


353. The motion of a point is given by the equations 
x = Vet cos a, y = vd sin a — }4gtr. 

Find: 

(1) the path of the point: 

(2) the coordinates of the highest point of the path; 

(3) the projections of the velocity at the moment when the point- 

crosses the z axis. Explain the kinematic meaning of 
E'o and a. 


354. The motion of a point is determined by the equations of 
the previous problem: r 0 = 60 ft. /sec., a = 60°, g = 32.2 ft./sec. 2 . 
At the moment t = 0, another point starts from the origin 0 
and moves uniformly along the axis OX. 'What should be the 
velocity i\ of the second point in order that the points meet? 
Find the coordinate x 2 of the meeting point. 


Arts. 


i'o 2 sin 2 a 

x 2 = ; t’i = r 0 cos a. 


355. A particle moves with uniform velocity in guides along 
the equator of the earth. The radius of the earth at the equator is 
637 X 10 s cm. and the acceleration of gravity is g = 97S cm./sec. 2 . 
At what velocity must the particle move to reach an acceleration 
equal to g? How long would it take the particle to go completely 
around the earth at this velocity? 

Ans. v = 7.9 km./sec.; T = 1.41 hr. 


356. A point moves counterclockwise on the circumference of 
a circle whose radius is 20 ft., starting at the right extremity of a 
horizontal diameter and traversing distance s, so that s = 2f, 
where t is the time in seconds after st arting and s is in feet. Using 
half -second intervals, draw the hodograph for the first three 
seconds. Then determine the magnitude and direction of the 
acceleration when t = 3 sec. 
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Solution 

The radii vectors p of the hodograph represent the velocities of the point 
while the directional angles 0 are the angles between the velocities and the 
horizontal 

p - a - *”5 + 55“ (| + 01i-)«d 



o 


At the specified instants when 

o H i 

1H 

2 

2 H 

3 

sec 

P ~ o 

2 

4 

6 

8 

10 

13 

ft /sec 

0 = 1 571 

1596 

1671 

1796 

1971 

2 190 

2 471 

rad 

0 - 90*’ 

91°30 

95°30 

102«50 

113°0 

125°50 

141°30 



The acceleration a ot the point is equal to the velocity u of the hodograph 
point (§59) a = u = Vu p * -f u»* where u, and v$ are (§ 56) the com 
ponents of the hodograph point along and normal to tho radius vector 

u, - ^ - 4 ft /sec >, u, « p~ = 41 X021 - 0 81 1 - 7 2 ft /see ■ 

a - u « 8J9 It /sec * 

(The acceleration may be found also (§ 55) 

fp, 

a = Vo*’ + a ( ’, 0 / = «* 4 ft /sec * 

“*"S “^" 72 o - SJSHluc' 

357 A point moves clockwise on the circumference of a circlo 

whose radius is 30 ft , starting at the right extremity of a horizon- 
tal diameter and traversing distance s so that s = 3 i 3 , where t is 
the time after starting in seconds and s is in feet Using half- 
second rnterv als, draw the hodograph for the first three seconds 
Then determine the magnitude and direction of the acceleration 
when / = 2 5 Ans a = 114 7 ft /sec Q* *= 66 5° 

358 A point starts at time t = 0 from a point (1, 2, 4) and 
mo\ es with uniform velocity v *= 24 ft /sec along a line which 
has the direction cosines M H, cos y Find the equation of the 
path of the point and the hodograph of its velocity 

Ans 2x « y = z - 2 The hodograph is a point 
*i — 8, i/i * 16, zi = 16 
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359. A sliell leaves the muzzle of a gun which is inclined at an 
angle of 30° to the horizontal. The muzzle velocity of the shell is 
1500 ft. /sec. Neglecting the effects of air resistance, find the 
hodograph of the velocity of the shell and the velocity Vi of the 
point which traces the hodograph. 

Ans. A vertical straight line, Si = 750 V3 units; 
»i = — 32.2 units/sec. 

360. A body rotates at the uniform speed of 30 r.p.m. Find 
the hodograph of the velocity of a point on the body, located at 
a distance of 2 ft. from the axis of rotation, and the velocity of 
the point tracing the hodograph. 

Ans. A circle of radius 2v units; t?i = 2 units/sec. 


361. The sliding bar AB of 
an ellipsograph is 20 in. long. 
The crank OC is 10 in. long and 
AC = BC. The crank rotates 
around 0 with a constant angu- 
lar velocity «. A pencil is at- 
tached to the sliding bar at ilf, 
5 in. from A. Find the equation of the curve traced by the pencil 
and the equation of the hodograph of the pencil-point velocity. 



Ans. 


g- ■ y _ 
225 ' 25 


1 ; the hodograph is —r 
22o 


Vjr - ^ 

-yryr — Cu m 

2o 



362. A flywheel starts from rest rotat- 
ing with uniform acceleration. In 22 
seconds it reaches a speed of 105 r.p.m. 
Point A on the flywheel is 20 inches from 
the center. At the time the flywheel be- 
gins to rotate it is on the vertical line 
through the center. Find the equation of 
the hodograph of the velocity of A. 

Ans. p = 20\0 units. 



363. A locomotive runs at a speed v 0 = 72 
miles per hour. The driving wheels are SO 
inches in diameter and roll without slipping on 
the rail. Find the value and direction of the 
velocity v of a point M on the rim of the wheel. 
Find the equation of the hodograph of velocity 
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absolute linear acceleration a of a point on the surface of the 
shaft, at any time t. Ans. u - 20 1 rad /sec ; a = 20 rad /sec *, 
a = SOVl + 400J* in /sec.*. 

37S. A flywheel of 12 ft. diameter rotates with a uniform re- 
tardation. It made 600 revolutions from t = 0 to l — 20 sec. 
At the time t = 15 sec. its angular velocity was «i = 30n- rad /sec. 
Find the acceleration of a point on the rim at the time t = 20 sec. 

<So 7 ution 

jtg 

The equation of motion of the fly wheel is (§ 63) — a, a constant, at 
the tune t = 0, 6 = 0, and at l «= 15, ^ = 30x rad /sec Integrating, Me End 

co = tig -f- at, 8 = cop, + + 

b « — 6t rad /sec *, coo = 12Chr rad /sec 
At t =■ 20 sec , o> •= 0, a v = ra «= 6 X Gt = 118 S ft / sec *. 

376. A generator with a pulley 
A is driven by means of a belt from 
a pulley B on a prime mo\ er. The 
radius of B is n ~ 30 m and the 
radius of A is r t = 12 in Tbo 
pnme mover starts from rest and 
accelerates uniformly at the rate of 0 4ir rad /sec 2 . Find the time 
necessary to bring the generator up to a speed of 300 r p m 
Assume that the belt docs not slip. Ans. 10 sec. 

377. A body oscillates around a fixed axis. Its angular posi- 
tion at any time t is described by the equation 4> =* 20° sin - 10°, 
where t is time in seconds. Find: 

(1) The angular velocity a of the body at the time / = 0. 

(2) The times t x and U at which the direction of rotation changes 

in the first cycle 

(3) The duration T for one complete cycle 

Ans. (1) « = 0 0123 rad /sec.; (2) (i =» 45 sec ; U «= 135 see ; 
(3) T = 3 mm. 
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14. Motion of a Rigid Body Parallel to a Fixed Plane. 

378. A rod AB, 30 in. long, moves in the 
plane of the drawing. At a certain moment 
A is moving in a direction at 30° to the line 
AB with a velocity of v a = ISO in./sec. while 
point B is moving in the direction of the line AB. Find the 
velocity r 6 of point B at this moment. Ans. r& = 156 in./sec. 




379. The two ends of a rod AB, 3 ft. 
long., slide along mutually perpendicular 
lines OX and OY. Find the coordinates 
x and y of the instantaneous center of rota- 
tion when angle OAB = 60°. 


Scantier.: 

The instantaneous center is (§ 69) at the intersection of the perpendicular 
to OY at A ana the perpendicular to OX at B: 

~ = OB = 2.60 ft.; y = OA = 1 AO ft. 


380. A spool lies on a horizontal plane 
EH. The radius of the flange of the spool 
is R and the radius of the cylinder is r. 
A thread AB wound around the cylinder is 
pulled horizontally with a velocity of «; the 
spool rolls without sliding. Find the velocity v of the center O 
ozthesvool. t _ B 



Ans. v = v 


R-r 




381. The pedal sprocket A of a bicycle 
has 26 teeth. The wheel sprocket B has 9 
teeth. The wheel C has a diameter of 2S in. 
Find the velocity of the bicycle when the 
pedals are turned at one revolution per 
second. Ans. 14.4 mi./hr. 

382. A straight rod AB moves in the 
plane of the sketch. The end A moves on 
the surface of a cylinder CAD and the side 
of the rod slides on the point C. At the 
instant the radius OA is perpendicular to 
the diameter CD, the point A has a velocity 
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of 4 ft./sec. Find the velocity v e of the point touching C at this 
moment. Ans. v e ~ 2.83 ft/scc. 

383. The crank pins A and B of 
the locomotive driving wheels 0 and 
Oi are connected by a side rod, the 
length of which is equal to the center 
distance 00 j. The wheels are 4 ft. in 
diameter and OA = OiB — 1 ft. Find 
the absolute acceleration of any point M on the side rod when the 
train is moving at a speed of 3G miles per hour. 

Ans. 697 ft./sec. 1 . 



384. A circle of 10 in. diameter rolls on tho 
inside of the circumference of another circle of 20 
in. diameter. The center of ABCD moves on a 
circle at the uniform velocity of one revolution 
per second. Draw the spacc-centrodc and the 
body-centrode. Find the velocities of the ver- 
tices A, B, and C of a square inscribed in the smaller circle at 
the instant when A is in contact with the larger circle. 

Ans. v a - 0; r* «= 44.4 in, /sec.; = C2.8 in./sec. 
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385. The top ABCD of a folding table is rec- 
tangular in shape. AB = 28 in. and AD - 56 in. 
In order to unfold the table, the top is rotated 90° 
around the pin 0 until it is in the position 
AtBiCxDii where ABi = BCu The table can 
then bo unfolded to have the square top BiEFCu 
Find the position of the pin. 

Ans. x = 7 in.; y - 21 in. 


386. A disc, 4 ft. in diameter, shown in its 
initial position in the sketch, starts from rest and 
rolls without slipping down a 30° inclined plane. 
Its angular velocity increases at the rate of 5 
radians per sec. per sec. Determine the position, 
the absolute velocity, and the absolute accelera- 
tion of point C at the instant t = 4 sec. 

Ans. C is 132° from its original position; t>„ ** 65.3 ft./sec.; 
a t «= 408 ft./sec.*. 
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3 87. A turbine disc 6' in diameter, mount- 
ed on a shaft 16" in diameter, is rolled on 
horizontal parallels. When the point Q is 
in the position shown, the speed of rotation 
of the rolling disc is two revolutions per sec- 
ond in the clockwise direction. The rota- 
tion is being retarded at the rate of one revo- 
lution per second. Find the velocity and ac- 
celeration of point Q. 

Ans. v Q = 542 in./sec.; a q = 1S27- in ./sec. 2 . 

388. A and B are two points in a body which are S ft. apart-. 
A moves up and down, while B moves to the right and left along a 
horizontal line. When the line AB makes an angle of 30° with the 
horizontal, A is moving upward with a velocity of 8 ft./sec. and a 
deceleration of 12 ft./sec. 2 . Determine the velocity and accelera- 
tion of a point P which is 2 ft. from A and on the line AB, between 
A and B. Determine the velocity and acceleration of a point Q 
which is on the line AB (extended), and is 2 ft. from A and 10 ft. 
from B. 

Ans. r P = 6.11 ft./sec.; a P = 9.1 ft./sec. 2 ; r 5 = 10.09 ft./sec.; 
a c = 15.0S ft./sec. 2 . 

389. The block ABCD moves in 
such a way that the point B traverses a 
vertical line on the wall and A moves 
along the horizontal line at right angles 
to the wall. When 6 = 30°, the point 
A is moving with a velocity of 4 ft. per 
sec. toward the left and A has an ac- 
celeration of 24 ft./sec. 2 towards the right. For this position of 
the rectangular block, find the magnitude and direction of the 
velocity for point E. Also find the components of the acceleration 
of E. Point E is on CD. 1 ft. from C. 

Solution: 

Both the velocity and acceleration of point E can be found by using point 
A as a base point. The angular velocity and acceleration are determined by 
using the given data concerning the motion of point A (§§66, 6S). From 
Fig. a: 

x = 4 cos 8, ^ = — 4fc sin 8, 
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when 0 “ 30®, ^ 4- 4, + 4“ — 2rad./'=ec. (clockwise), 

^ “ — 4a sin 6 — 4«* cos 6, when 0 — 30°, ~ ■> — 04 

C« (»* » 

- 24 « - 4a • g - 4(- 2)» • (0 S6 6) = *f 5.05 rad./sec.* 


The velocity of E (Fig. b) is given by 


(counterclockwise) 


iff - ri +»e*M, 

rr-, “ - 4 + 7.21 sin 63“ 42' - + 2.46 ft./scc., 
fr-» - —721 cog 63 *42* - - 3.2 ft./sec., 
r * “ A^P+ibS* " 4 04 fl./sec., 

6, “ 52° 30’. 



W 


(b) 


The acceleration components of E are: 


as = <u 4* («*/«)» 4* 
or*. ■» 4* 1 Sfl./tcc.*. 

Off-* " — 4-Sft-l*re *. 



390. The body shown in out- 
line has a plane motion so that B 
moves along the line BO while A 
moves along OA. AB ~ 13 feet. 
■When A is 5 f t. from O and its veloc- 
ity is GO ft. per min. in the sense 0.1 , 
what is the velocity of C, a point on 


the lino AB and 7 feet from B? A tvs. i* c «= 50.3 ft./rain. 



391. A rectangular block ABCD 
moves so that the point B traverses 
a vertical line on the wall, and 
A moves along a horizontal line at 
right angles to the wall. The angle 
0 is given by the equation 0 -* —0.5^ 
+0.51 + r/4 + 1; where 0 is in ra- 
dians and f in seconds. Calculate 
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the velocity and acceleration of point C at the instant t — 2 
sec. Ans. v c = 3.00 ft./sec.; a c = 11.87 ft. sec. 2 . 

392. The point A on the frame 
ABC moves along a horizontal line 
and B along a vertical line. At a 
time when 6 = 30°, point A has a ve- 
locity of 7 ft./sec. toward the left and 
an acceleration of 34.75 ft./sec. 2 to- 
ward the right. For this instant (a) 
find the velocity of point C. (b) 

Find the acceleration of point C. 

Ans. v c = 3.16 ft./sec.; a c = 25.15 ft./sec. 2 . 

393. A rectangular plate ABCD 
is mounted on a pivot at A, carried 
by the arm AO. The mechanism 
starts from rest in the position shown. 
The arm rotates counterclockwise, 
the motion of A beings = J# 5 , where 
s is measured in feet of arc. At the 
same time the plate rotates clockwise 

about pivot A according to the law d = 2 1", where 6 is measured 
in radians. Give the position, velocity and acceleration of comer 
D at the instant t = 2 sec. 

Ans. x D = 2.45 ft. ; y D — 1.66 ft.; v D = 16.3 ft./sec.; 
a D = 133.6 ft./sec. 2 . 




OA. 

0 and 


394. A disc I of radius r rolls in a 
clockwise direction on the inner sur- 
face of a fixed cylinder II of radius 
R = 2 r. The axis 0 1 makes a com- 
plete revolution in 34 sec., and at time 
t = 0 it is on the vertical line OA. 
Find the path of any point M on the 
circ umf erence of the disc. The point 
iY is the intersection of the circum- 
ference of the disc and the diameter 
Find the projection i’i of its velocity on the line joi n ing 
0 1 . Ans. (1) Diameter of II passing through M; 

(2) vi = - 2tR sin 2{ZAOC). 
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395 The length of the crank of a reciprocating system is 
OA — 10 m , the connecting rod length is AB = 20 m The 
crank rotates at a uniform speed of 2 revolutions per sec Find 
the v elocity of the cross head B when the angle AOB — 30\ 
Solution 

l is the instantaneous center of AB (§ 69) Therefore 

ra = vx X , where tu « 10 X 4*- in /'ec. 

K 


From geometncal considerations 

rs * 4r(5 -f vS) in /sec ■» 91 in /sec 
396 A connecting rod AB of length l is attached to the end of 
a crank OA of length r, where r is small compared to l The 
crank rotates at a constant 
angular velocity w Write 
approximate expressions for 
the x and y components of 
v elocity and acceleration of a point M on the connecting rod at a 
distance z from B 

A n.s i,s= — w ^ r sin 0 + ~~~2~ T 1 sm ^ ) ’ 
zr 

1 r 5= — W COS $ , 

a, *= — u* ^ r cos d> + c03 2^ ^ > 

zr 

a t *= — j- oi sm 

j_ 397 A connecting rod AB, 

z' 1 * n 100 in long is attached to a 

attfr 7 crani. OA, 20 m long The 

crank rotates at a speed of 
T 180 r p m Fmd the angular 

v elocity of the connecting rod and the linear v elocity of its middle 
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point M in the four positions, when angle AOB is 0, ~/2, 77 
and 3 tt/2. 

Ans. (1) w = 6/5— rad./sec., clockwise; v m — 188 in./sec.; 
(2) a = 0; v m = 377 in./sec.; (3) a = 6/5— rad./sec., 
counterclockwise; v m = 188.4 in./sec.; (4) w = 0; 
v m = 377 in./sec. 

398. The gear X, 10 in. in diameter, and the crank OA, 10 in. 
long, can rotate about the shaft O. They are not connected to- 
gether. The connecting rod AB, 50 in. long, has the gear L, 10 



in. in diameter, rigidly attached to it. A is in mesh with K. 
K rotates at a uniform speed of 60 r.p.m., causing the crank OA to 
rotate. Find the angular velocity of the crank OA in the two 
vertical and two horizontal positions. 

Ans. (1) cj = 10/IItt rad./sec.; (2) 63 = 77 rad./sec.; 
(3) 63 = 10/9jt rad./sec.; (4) 63 = 77 rad./sec. 



399. The sliding bar of an ellipso- 
graph, AB = l, moves in slots along 
the axes of X and Y. The end A of 
the sliding bar undergoes harmonic 
oscillations x = a sin ut, where a < l. 
CA = m and CB = «. Find the 
velocity of O. 


a 063 , L- „ . m-l- 

Ans. v c = -r* cos ut \ n- — m- + — - 

l v l- — a- sn 


sin 2 63 1 



400. Find the space and body centrodes of the pulleys 
A and B when the weight C is being lifted. The radii of 
A and B are r a and r b , respectively. 

Ans. The body centrodes are: a circle of radius r G for A, 
and a circle of radius }4r b for B. The space centrodes 
are vertical lines tangent to the body centrodes, on their 
right sides. 
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401. Find from geometrical con- 
siderations the space and body cen- 
trodes of the connecting rod AB The 
crank OA ~ AB = r 
Ans The space centrode is a circle 
of radius 2r, with its center m 0, the body centrode is a circle 
of radius r with its center at the crankpm A 




402 A rod AB is attached to a crank 
OA of radius r It passes through a 
piloted guide N which is at a distance r 
from the crank axis 0 Find the centrodcs 
of the rod 

Ans A circle of radius r traced by A, 


and a circle of radius 2 r with its center at the crankpm A 


403 In the linkage shown in 
the sketch, Oi and 0, are fixed 
points The link 0iA of length a 
rotates about 0 1 with an angular 
velocity cj Find by construction 
the point M on AB, where the 
■velocity is directed along AB, and express this velocity as a 
function of the angle OiAB = a Ans in = aw sin a 




404 The linkage shown in the 
sketch has two fixed pins 0 1 and 0 t 
The link OiA rotates with an angular 
velocity wi Find from the geometiy 
of the sj stem the angular velocity wj 
of link OtB Giv e it in terms of wi 


and the distances OiD and OiE of the pins 0i and Oi from the 


center line of AB 


Ans 


OyD 


Wi ~ ul oZ 



405 A conchoidograph consists of a rod 
AJ5, one end of which mov es in the slot DE 
The rod passes through a pivoted guide at 
N The distance between A r and the center 
line of the slot DE is a Tind the equations 
of the curves described by the points Mi 
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and Mz on AB when AMi = a, and AM Z — a/2 and the end A 
moves along the slot. 

Ans. Path of AT. is: xAy-c = (a — t/:)'(a- — r/r). 

Path of M z is: xAy-r = (a — — 4g. ; ). 

406. The point 0 1 of a certain plane figure is moving to the 
right on a line parallel to OX with a velocity of 5 in. per sec. 
The distance between Ot and OX is 15 in. The figure rotates 
about Oi in a clockwise direction with a uniform angular velocity 
of 3s rad. per sec. Find the space and body centrodes of the 
motion of the plane figure. Find the curve traced on the plane 
figure by a pencil fixed at x — 0. y — 15. 

Ans. Axis OX and a circle of radius 15 in. with center at O z . 
A spiral p = (156) in. 


407. The rod AS rests on a disc of radius a and its end A 
moves on the line OX passing through the center of the disc. 
Find the equations of the centrodes of the rod. 



Se&uUon: 



403. Assuming in the previous problem a = 15 in.. AB = 30 
in., find the velocity r of the point B when OA = 25 in. The 
velocity of A in this position is 10 in. per sec. and is directed 
positively along OX. Ans . r s = S.5 in./sec. 
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409. A plane figure has two 
slots cut in it perpendicular to each 
other. A pin K fits in slot AB and 
another pin N fits in the slot ED. 
KN = 2a. At time / = 0, A B co- 
incides with the line KN. Find 
the equations of the ccntrodes for 
this motion. 


Ans. x e * + j/e* = a 2 and -f ij* 1 = 4a*. 


410. The length of a con- 
necting rod AB is so great 
compared with the radius r 
of the crank OA that the 
angle a is always small. 
Find the approximate equations of the body and space ccntrodcs 
of the connecting rod AB under the assumption that sin a ~ a 
and cos a = 1 for all possible values of a. 

Ans. (Xc 1 + y e 2 ) (x e — l) 2 = r 2 x c 2 , and 
{He + T)?){rW - l 2 i 2 ) « I'teW- 




411. Two parallel racks AB and DE move 
in opposite directions with constant speeds 
t>i and v t . Both racks arc in mesh with a 
gear of radius a. Find the equations of the 
centrodes of the gear-disc. Find the velocity 


t’o of the gear-center O' and the angular velocity u of the gear. 


Ans. y c — a - 1 — — and $ e * + n* 

»i + Vt 



t’o 


t»i — Vl 
2 


Vi + 
2a 


412. A top spins on the platform of a car which is moving at a 
velocity of 25 ft. per sec. The axis of the top is vertical and it 
rotates at a speed of 30 revolutions per sec. Find the axodcs of 
the absolute motion of the top. 

Ans. A vertical plane parallel to the rails at a distance 1.59 in. 
from the top’s axis, and a vertical cylinder of radius 1.59 in. 

413. The counterweight A moves along the slide with an ac- 
celeration a in./scc.*. Through a system of drums rotating on 
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fixed axes Oi and 0 = , it lifts the weight B. The cord holding A is 
parallel to the slide. Express the acceleration of the weight B 



and the drums C and D in terms of the acceleration a. 

Ans. as = 0.15a: a c = 0.5a rad./sec. 2 ; a D — 0.3a rad./sec. 2 . 

414. A body A rolls on the 
fixed plane. Two bodies B and C 
rotate about fixed axes. Deter- 
mine the velocities of B and C in 
terms of the velocity of D. Also 
find the velocity of the center of A 
and the angular velocity of A in 
terms of the velocity of D. 

Ans. o:s — 4/3r rad./sec.; 

t’c = 2r rad./sec.: 
fcu = rad./sec.; 
r 0 = 2/3r, where v is the 
velocity of D in ft./sec. 

415. At a certain instant, A is 
moving downward with a velocity 
of 6 ft./sec. and it has a down- 
ward acceleration of 20 ft./sec.-. 
Find the absolute velocity and ab- 
solute acceleration of point P, IS 
inches horizontally to the right of 

O on the drum C. Note: The cord BC is parallel to the plane, at 
30° to the horizontal, and the cylinder C rolls without slipping. 

Ans. t' P = 2.40 ft./sec.; a P = 5.52 ft./sec. 2 . 
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RELATIVE MOTION 
IS Relative Motion 


416 A nver steamer plies between two cities 48 miles apart 

The trip up-stream takes 9 hrs , the down stream tnp takes 4 hrs 
Find the velocity v of the river and the velocity u of the steamer m 
still water A ns w = 8^mi/hr,r = 3Mnu/hr 

417 AmerJ^ mile wide flows between parallel banks with a 
velocity of 2 5 mi per hr A boat crossing the river in a direction 
perpendicular to the banks takes 4V3 mm to reach the other side 
Neglecting the variation of the river velocity near the banks, find 
the velocity u of the boat relative to the water 

Ans = 5 mi per hr 


418 A river flows between parallel 
banks A boat steering straight across 
the river goes from A to C on the opposite 
bank in 10 min AB is perpendicular to 
the banks and C is 360 ft below B In 
order to land at B when starting from A, 
the boat must be steered up-stream at 
an angle to AB, the trip taking 12 5 mm Find the width l of tho 
nver, the velocity u of the boat, and the velocity v of the nver 
Ans v = 36 ft /mm , u = 60 ft /min , l = 600 ft 



419 A ram-drop falling vertically has a velocity of 9 ft per 
sec near the earth Find its velocity relative to a man walking 
at a speed of 3v/3 ft per sec Fmd the angle a at which the rain 
hits the man 



Solution 

The \eIocity u of the drop relative to the man is 
the v ector difference (§71) between its absolute v elocity 
tj and the absolute velocity r„ ot the man 
u = V8TT27 ~ 10 4 ft /see 
Since tan a » * V§ a S0° 


420 A ram-drop falling vertically traces a path on the Bide 
window of an automobile at an angle of 40° to the vertical The 
speed of the automobile is 36 miles per hour Find the absolute 
velocity f of the ram-drop Ans v = 63 ft per sec 
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421. A straight pipe moves parallel to itself in a direction per- 
pendicular to its axis. Its speed is 10 in. per sec. Inside the 
pipe, a ball is moving along the axis in such a mann er that its 
distance from a fixed point on the axis is d = 2 sin 2-t. Write 
the equations of the path, the velocity, and the acceleration of the 
absolute motion of the ball. 

Ans. The path is y = 2 sin i rr/5; 

r = 2V25 — - cos- 2-t in. per sec.; 

a = — Sir 1 sin 2 zrl in. per sec. 1 . 

422. The chart of a vibration-re- 
cording instrument moves to the left 
vrith a velocity of 634 ft- per sec. The 
pen scribes a sinusoidal line on the chart 
vrith a maximum ordinate AB = 1.2 in. 
The distance OG — 3 in. Taking t = 0 
at the point 0, give the equation of the 
recorded motion. 

Ans. y — (1.2 sin 50 v?) inches. 

423. At the Paris Exposition there vras a circular platform 

revolving on concentric rails at a speed of 2 revolutions per hr. 
A man walking on the platform on a circular path 540 ft. from 
the center at a speed of 1.SS4 ft./sec. moved in a direction opposite 
to the motion of the platform. Find the absolute velocity v of 
the man. Ans. v = 0. 

424. A train moves at a speed of 24 mi. per hr. A signal light 
hung 16.1 ft. above the ground, on a bracket attached to the last 
car, breaks loose and falls. Find the path of the absolute motion 
of the falling lamp, and the distance s traversed by the train before 

the lump reaches the ground. 

Ans. Parabola y = 0.013X 2 ; s = 35.2 ft. 




423. A small ring M is put on a circular wire 
loop of 10 inches radius. A rod OA passes through 
the ring and rotates about the point O on the loop. 
Its angular velocity is constant and it rotates 
through a right angle every 5 seconds. Find the 


velocity r and the acceleration a of the ring. 

Ans. v = 2t in./sec.; a = 0.4^ in./sec A 
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426. The motion of a point M along 
the line OX is defined by the equation 
x = a sin kt, where x is the distance from 
0. A disc rotates about 0, its center, 
with an angular velocity w. Find the 
equation of the relative motion of M with 
respect to the disc. 


Solution: 

Assuming that at / = 0 axis Of coincides with OX, angle fO.tf is # = <cf. 
OM =* x — a sin kt. The two equations define the relative motion in polar 
coordinates r, <t>. Eliminating t, the path is x — a sin £(<£/«) = a sin (i/u)£. 
When w = k, this becomes a circle of diameter a. 

In orthogonal coordinates n, the path is (§ 6Ga) 


£ «* (a ein kt) cos u*f, 

V a — (a sin if) sin at. 


Transforming to eliminate i {$ 48), we find 


cosot 


_J 

a Em kt * 


sin ul 


V 

a Bin kt 


£*-f ij* = a* sin* kt. 


On the other hand, 


and 


tanect = — | = wt = — tan -1 
{* + V* “ a* sin* ^ ~ tan~* | ^ • 


427. A plane inclined at 45° to the hori- 
zontal moves to the right with a constant 
acceleration of 1 in. /sec. 5 . A body P slides 
down the plane with a constant relative ac- 
celeration of V2 in./sec. 5 . The initial veloci- 
ties of the plane and the body arc both zero 
and the initial position of the body is x = 0, 
y = h. Find the path, velocity r, and the acceleration a of the 
absolute motion of P. 

A ns. Straight line y ~ h — v = 2.24f in ./see.; 
a = 2.24 in./sec. 5 . 




428. Find the relative velocity u of 
the center of wheel A with respect to the 
other wheel B. The radii of both wheels 
equal r, the wheel base AB *= d. The 
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car moves with a velocity r. Prove that the relative velocity of 
all points on A with respect to the wheel B is the same. 

.Arcs. v. — r — , normal to AB. 

429. A crank-and-Iever shaper mec hanis m 
consists of two parallel shafts 0 and 0 1 and two 
cranks OA and OiB. The end A of OA slides 
in a slot on OxB. The distance 00 x = a; the 
length of the crank OA = 1: 1 > a. The shaft 
0 rotates at a constant angular velocity and 
drives the shaft Ox- Find: (1) the ang ular 
velocity au of Ox as a function of the distance 
OiA = s: (2) the maximum and minimum values of a L ; (3) the 
position of the shafts when a = at- 

Arcs. (1) ci = -f 1 ^ ; (2) mast-i = 

min cxi = c — ; (3) when OxB A 00 

L k Gt 

430. A point moves with uniform velocity u along the circum- 
ference of a disc. The disc rotates around its axis in the opposite 
direction with an angular velocity e. The radius of the disc is c. 
Find the absolute acceleration of the point. 

Arcs, a = — , toward the center of the disc. 

c 

431. A disc of radius r ft. starts from rest- and rotates around 
its axis with constant angular acceleration of n rad./minA A 
point moves in the opposite direction along the circumference of 
the disc with a constant velocity u ft. per min. Find the absolute 
velocity and acceleration of the point. 

Arcs, v = rrcf — u ft./min.; a — -yjrii- -p - ^ (u — rid) 1 - ft./min.". 

432. A point moves with uniform velocity u along a chord of a 
disc which rotates in the same direction around its axis with a 
constant angular velocity o.-. Find the velocity and acceleration 
of the absolute motion of the point at the moment when it is at 
the shortest distance h from the center of the disc. 

Arcs, r = ha -f- u; a = hcA 4- 2ita. 
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433. The motion of a point is defined by the equations z = 3i, 
V ~ A line l, passing through the origin of the coordinate 

system, rotates about that point m a counterclockwise direction 
at a speed of one revolution m 3 seconds At time t — 0 the line 
coincides with the y axis Find the projection i'< of the velocity 


of the point on the line l 


Ana 


Vi = gt cos —■ t — 3 sin l 


434 The minute hand of a chronometer is 1 m long Con- 
sidering its motion from the instant that it is pointing to 12 
o’clock, find the projection v, of the velocity of the end of the 
minute hand on the direction of the second hand 

Solution 

The velocity of the end of the minute hand is ({ 64a) v = y^g in /sec 
«. = v coact (§ 73), where a is the angle between p and the second hand 
da 2r 2 it 59ir . , 

dt ~ u * eoai h ‘ od ~ Wn,lnuU “ go - 3000 - 1800 rad /® ec 

Integrating, withoo “ — ^ at t — 0 we find a ■* — ^ + y|gg t Therefore 


43 S. A point moves on the circumference of a circle of radius 
r at a uniform velocity r« A hne l pivoted at the center of the 
circle rotates in a direction opposite to the rotation of the point 
It revolves k times faster than the point At the time f = 0 the 
point is on the line Find the projections Vi and ai of the velocity 
and acceleration of the point on the hne 

Ans Vi ~ rw sin QA. + 1)«Q, ai = — r«* cos [(A, + 1K0 



to,’*// 

angle ACB = 4 > 


436 The wheel of a car moving at a speed 
of 36 mi /hr rolls in a clockwise direction w lth- 
out slipping on the rail v T is the projection of 
the velocity of a point A on the nm of the 
wheel on the direction of the radius CA 
Tind the value of t r as a function of tlio 
The wheel touches the rail at B 

Ans v, = — 52 8 sin <f> ft /sec 
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437. I is a pendulum con- 
sisting of a weight A 1 sus- 
pended on a thread O1A1. II 
is a small flywheel of radius 
r = 4 in. attached to a spiral 
spring. They are both oscil- 
lating harmonically about the 
centers Oi and 0«, respec- 
tively. Their periods T i 
= T« = sec. The angular amplitude of the pendulum is v/lOO 

radians and that of the flywheel is v/2 radians. The point A 2 
on the rim of the flywheel swings over the lower half of the cir- 
cumference and moves in phase with the weight Ai on the pendu- 
lum. Find the projection i\ of the velocity of the point A» on the 
line OiAi as a function of time. 

Ans. t'i = — (Sr 2 sin 4~i) -sin (0.49r cos 4irt). 


0 438. A round tube bent into a ring of 

radius R = 1 ft. rotates around the center 0 in 
a the clockwise direction with a constant angular 
-i velocity a = Irad./sec. A small ball oscillates 
' about the point A in the tube. The angle sub- 
tended by its path relative to the tube is 
o = sin -t. Find the normal and tangential components a-. and 
a, of the ball’s acceleration when t = 2M sec. 

Ans. a r . = 13-S ft./sec. 2 ; a t — 4.9 ft./sec. 2 . 


v 439. A disc of 1 in. radius starts from rest 

© and rotates around its center in a clockwise 
_ c direction with a constant angular acceleration of 
1 rad./sec. 2 . A point M oscillates on one of the 
diameters. Its distance from the center OM = £ 
is given by the equation $ = sin ~i in. Find the 
projections a* and a- of the absolute accelerations of the point 
JUT at £ = lyi sec. 

Am. ( w -f|j in./sec. 2 ; a- = | » ) in./sec. 1 . 
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440 In a lawn sprinkler a stream of water flows 
through a pipe AO which is rotating about a vertical axis 
0 with a speed of 60 r p m Find the Conolis accelera- 
tion a«,r at a point where the relative v clocity (between 
the water and the pipe) is u = 21/11 ft /sec in the direc- 
tion OA 


Solution 

The Conobs acceleration is (§ 72) fw = 2 uw where u is the angular 
velocity of the sprinkler o <= 2r rad /sec Ocor “ 2 X X 2 ?r « £■$/! /see *, 
normal to OA t directed to the left 



Arts a w = 
tion NA 


441. The crank OA rotates around the center 
0 with a uniform angular v elocity u Gear II 
of radius r can rotate around the pin at A and 
is in mesh with the fixed gear I of equal radius 
Find the values and directions of the accclera 
tions of the points 21/ and 2V on gear II, which 
are the ends of the diameter parallel to the crank 
2rw 3 , in the direction 21/A , a * = C rw 9 , in the dircc- 


f 442 A turbine wheel with straight v ancs rotates 
around its axis 0 with a constant angular velocity 
w = 4r rad per sec The water flows between the 
blades with a uniform relative velocity v, — G ft /sec 
Find the radial and tangential components v, and Pi 
I of the absolute velocity, a r and a t of the absolute ac- 

celeration of the particle of water where OC =15 
ft and the angle between the channel AB and OC is 45° 

Ans t, = 42 ft /sec , v t = 23 1 ft /sec , a r — 342 ft /see*, 
G| = 107 ft /sec 3 


443 The Yukon Rn cr flows nit h a i cloc- 
itj ti = 3 mi per hr from East to West along 
the parallel of latitude 60°N The radius of 
the earth is R = 4000 mi Tind the projec- 
tion p of the acceleration of a water particle 
in the river on the direction of the tangent 
BC, considering only the acceleration due to the velocity u 

Ans p =* 0 00055 ft /sec * 
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444. A point M moves down an element 
of a right circular cone with a uniform veloc- 
ity u. OA is the axis of the cone and 
Z MOA = a. At time t = 0 the distance 
OM = c. The cone rotates about its axis 
with a uniform angular velocity a. Find the 
absolute acceleration of M. 

Ans. a = a sin a V(c + ut)-or + 4u 2 . 


ROTATION OF RIGID BODIES 
16. Composition of Rotations. 

44S. Two gears I and II of radii T\ and r 2 are in mesh and ro- 
tate about fixed centers. Find the ratio between the angular 
velocities «i and of the two gears. Find the relative angular 
velocity «i, ; between gear II and gear I for external and internal 
engagement. 

Ans. External engagement: — = — — ; w 1>2 — ui : 

OJi 7*2 7*o 

Internal engagement: — = — : <ai 2 = — — • 

wi To r« 



446. The pin A of a crank OA carries a 
freely mounted gear II which is in mesh with 
the immovable gear I of the same radius hav- 
ing its center at 0. How many revolutions 
will the gear II make around the pin A while 
the crank OA makes one turn around 01 

Ans. One revolution. 


447. A crank III connects the shafts of 
two gears of radii n and r 2 which are in 
engagement. The engagement may be 
external or internal. Gear I is immov- 
able. Crank III rotates about Oi with an 
angular velocity of w 3 . Find the absolute 
angular velocity co» of gear II and the 
relative angular velocity w 2 ,3 between gear II and the crank III. 
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A ns. External engagement: 


Internal engagement: 


Ti + r, r, 

to, — <o, : to, | — to, ~ - : 

r i r s 


CJt — — M, - 



448. The gearing used to produce high speed rotation of a 
grindstone is made as follows. The crank IV is turned by means 
of a handle around 0, with an angular 
velocity A pin at the end of IV 
carries a wheel II of radius r, which is 
wedged between wheel I and the in- 
ternal wheel III. The rotation of the 
crank causes II to roll on the inside of 
III and the rotation of II is transmitted 
by friction to the wheel I of radius n 
winch is attached rigidly to the spindle 
of the grindstone. Given r St find ri such that the speed ratio 
«i/«t = 12 will exist. Ans. r, =* 1/11 r,. 

449. A frame I rotates with an angular 
velocity w, around a fixed shaft AB. Two 
gears II and III are rigidly connected to- 
gether and rotate about a shaft in the frame 
I parallel to AB. The gear II engages with 
an immovable gear IV and the gear III en- 
gages with the gear V, which can rotate 
around OA. The radii r,, r,, and r s arc given. Find the 
angular velocity of the gear V. 



A ns. «s “ «i ^ 1 — 


A/ „ 450. The crank OA rotates with an angular veloc- 

ity m around a fixed axis 0. The pedal BC rotates 
„ around A with the same angular velocity u, but in the 

opposite direction. Find the absolute motion of the 
pedal. 

Ans. Motion of translation; each point of the pedal describes a 
circle of radius OA. 
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451. Two bevel gears with, fixed axes have angles 
a = 30° and £ = 60°. The first gear rotates with 
a speed of coi = 10 r.p.m. Find the angular 
velocity <3 2 of the second gear. 

Arts. <3 2 = 0.173r rad./sec. 

452. The bevel gear I has 1 : i teeth. The bevel gear II has £» 
teeth. They are in mesh and their axes of rotation are mutually 
perpendicular. The gear I rotates at a speed of ni r.p.m. Find 
the relative angular velocity of the gears. 

Ana. - = ~ x ^1+ rad./sec. 

453. A differential friction transmission 
consists of two discs AB and DE, free to ro- 
tate around the same shaft, and of a third 
disc MN wedged between them. ilfiY ro- 
tates about an axis FI I, which is perpendicular 
to the shaft. The radius of MN is r — 2 in. 
The velocity v t at M is 10 ft. (sec. and the 
velocity r 2 at N is 12}4 ft./sec. Find the velocity v of the center 
H and the angular velocity a of MN around HI. 

Ans. v = 1.25 ft./sec., to left; a = 67.5 rad./sec. 



454. The shaft on which the bevel gear HI rotates can swing 
around AB. The gear III is in mesh with the bevel gears I and 
II, which rotate around AB with angular velocities and 



The radius of HI is r. I and H have equal radii B. Find the 
ang ular velocity a with which the axis of HI swings around AB 
and the angular velocity <o 3 of HI around its axis. 

C3l -f <3 2 C3l — C32 R 

Arts, a = g >' ~ g * V 
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455 A disc of radius r rolls around the cir- 
cumference of a circle of radius R, 5 times a 
minute Its plane is alwajs at GO 0 to the plane 
of the circle Find the angular \clocity u of 
the rotation of the disc around its axis and the 
angular velocity «i of its rotation around the 
instantaneous axis 


A ns u — ^ rad /sec , uj = ^ V3 rad /see 


17 Rotation of a Rigid Body about a Fixed Point 



456 A merry go round consists of a round plat- 
form AB 30 ft in diameter rotating around a 
central shaft OC The platform rotates at a 
speed of Grpm The shaft OC is inclined at an 
angle of a = 20° to the v ertical and swings around 
the \ ertical center line in the same direction as the 


platform rotation at a speed of 10 r p m OD = G ft Find 
the -velocity v of B when it is m its lowest position 

Ans r «= 2G 3 ft /see 



457 A right circular cone of altitudo 
CO ~ 18 in with the angle at the vertex 
AOB = 90°, rolls on a plane The vertex re- 
mains immovable ae the point 0 The center 
C of the base moves in a circle at the uniform 
spiced of one revolution per second Find 


the velocity of the ends A and B of the diameter AB 


Solution 

The v elocity ca of A as well as that of 0, is zero va “ 0 0A is tho 
instantaneous ans of tho cone (§§ 79 80) The distance BO is twice tho 
distance from C to OA Hence wo have vb 2ce =» 2 X (OC sin 45® X 2r) 
— 160 in /sec 


458* A bod> rotates around a fixed point At a certain mo- 
ment its angular v elocity is giv cn by a vector whose projections on 
the axes are V3 V5, and V7 rad /sec Find the velocity t at the 
same moment of a point whose coordinates are Vl2, \20, and 
V2S in A«s v e 0 
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459. The angular velocity of a body is a = 7 rad. per sec. 
Its instantaneous axis of rotation has the direction-angles a, fi, 
and y, (<tt/2), where cos a = 2/7 and cos y = 6/7. Find the 
velocity v and its projections v = , v V) and v : of a point whose co- 
ordinates are 0, 6, and 0 feet. Find the distance h of this point 
from the instantaneous axis. 

Ans. v = = — 36 ft ./sec.; v v = 0; v z = 12 ft ./sec.; 
v = 12VlO ft./sec.; h = 5.4 ft. 

460. The angular velocity of a body is co = 6 rad. per sec. 

Its instantaneous axis of rotation has the direction-angles a, 
and y, where cos a — cos /S = %. Find a point in the plane 
z — 0 3 the projections of whose velocity on the x and y axes are 
v = = v„ = 6 ft. per sec. Ans. x — — 1 Y 2 ft.; y = 1 ¥2 ft. 

461. A body rotates around a fixed point. The projections of 
the velocity of point ilfi (0, 0, 2) on the axes are v- = 1, v v = 2, 
and v z = 0. The direction cosines of the velocity of point Af 2 
(0, 1, 2) are %, - Vs, and V z . The coordinates are in feet; the 
velocities are in ft. per sec. Find the equations of the instantane- 
ous axis of rotation and the angular velocity w of the body. 

Ans. x 2y = 0 and 3s -f z = 0; w = 3.2 rad./sec. 

462. The rotation of a rigid body is described by the deriva- 
tives of the so-called Euler’s angles d6[dt = 0, do[dt — n, and 
dtfdt = cm. When t = 0, 6 = 60°, <? = 0, and f = 90°, (1) find 
the projections a-, a v , co_- of the angular velocity on the x, y, and z 
axes; (2) find a value for the coefficient a such that the space 
axode will be the plane XOY. 

. nV3 . nV 3 . , 

Ans. (1) e = = — — cos ant; w., ant, 

a z = (a + ^); ( 2) a = — Vz- 
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RECTILINEAR MOTION 
18. Rectilinear Motion. 

463. A man weighing 160 2bs. stands on the floor of an elevator, 
moving upward. What is the reaction of the floor on his feet (1) 
when the velocity of the elevator is constant, and (2) when its 
velocity is increasing at a rate of 5 ft./sec. 1 ? 

Ans. (1) 1G0 lbs.; (2) 185 lbs. 

464. An automobile weighing 2400 lbs. can accelerate from 10 

to 30 mi./hr. in 4 seconds. Neglecting the rolling and wind re- 
sistances, what should be the “tractive effort” between the wheels 
and the ground? Ans. 550 lbs. 

465. When released, a balloon weighing 4000 lbs. had a lifting 
force of 250 lbs. Under the action of a horizontal wind pressure 
the balloon travels in a direction which makes an angle of 30° with 
the vertical. Find the force of the wind on the balloon. 

Ans. 86.7 lbs. 

466. In the previous problem, determine the horizontal and 
vertical components of the acceleration of the balloon. 

Ans. a\ — 0.70 ft./scc.% a , = 2.01 ft./sec.*. 

467. A boat weighing 540 lbs. and moving with a speed of 4 

mi./hr. enters a sea-weed area and stops in 10 seconds. Assuming 
the resistance of the weeds to the boat’s motion to be uniform, 
what is this force? Ans. 9.9 lbs. 

468. A magnetic particle weighing 3.5 grams is drawn through 

a soieooid rriib so acceleration of 4 zstr./sec.*. What is the .farce 
on the particle, in lbs.? Ans. 0.00315 lb. 

469. A spring is compressed by a force of 49,050 dimes. Ex- 
press this force in lbs. Ans. 0.11 lb. 

470. A bodj’ weighing 4 lbs. moves on a straight line with urn- 
form acceleration. The distance traversed by the body is 
s = 19.3P in. Find the force acting on the body. Ans. 0.40 lb. 
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471. A body slides down a plane which is inclined at an angle 

of a = 30° to the horizontal. The initial velocity is zero. The 
coefficient of friction is/ = 0.02. Find the time T taken to travel 
a distance l = 12S.8 ft. Ans. T = 4.1 sec. 

472. A body lying on a floor receives an ini tial velocity of 

6 ft./sec. It moves on a straight line and retards unif ormly, 
traveling 12 ft. before stopping. Find the frictional force per lb. 
weight acting on the body. Ans. 0.047 lb. per lb. weight. 

473. An elevator weighing S00 lbs. moves down a shaft with a 
uniform acceleration. In the first- 10 seconds, it drops 100 ft. 
Find the tension T in the cable carrying the cage. 

Ans. T = 750 lbs. 

474. A body weighing 2 lbs. oscillates on a horizontal line 
about a fixed point on the line. The distance of the body from 
the point at any time is given by the equation s = 10 sin v/2f in. 
Find the relationship between the force P acting on the body 
and the distance s. What is the maximum value of P? 

Ans. P = - 0.012Ss lb.; P =ax = 0.12S lb. 

475. A stone is dropped into a well. The sound of the impact 

of the stone on the bottom of the well is heard 6.5 sec. after it is 
dropped. The velocity of sound is 1120 ft./sec. How deep is 
the well? Aiis. 579 ft. 

476. A train weighing 322,000 lbs. starts on a horizontal track 
and moves with a uniform acceleration. After 60 seconds, its 
speed is 36 mi./hr. The frictional resistance is equal to 0.005 of the 
train’s weight. Find the drawbar pull of the locomotive. 

Ans. 10,430 lbs. 

477. A body slides down a smooth plane which is inclined 30° 
to the horizontal. The body is started with an initial velocity of 
6 ft./sec. How long will it take to slide 27 ft.? Ans. 1.50 sec. 

478. A body slides down a plane inclined 30° to the horizontal. 
It starts from rest- and the frictional resistance is 0.1 of the body's 
weight. What is the velocity of the body after it has moved 6 ft.? 

Ans. 12.43 ft./sec. 

479. A train moves down an 0.S% grade at a speed of 24 mi./hr. 
The engineer applies the emergency brake suddenly. The total 
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490. A car carrying a circular guide as 
shown v, eighs 480 lbs The smooth cj lin- 
der B weighs 90 lbs Under the action of 
a force P the car is drawn up the 30° plane 
so that arc CD subtends an angle of 60° 
Determine the reaction of the guide upon 
the cylinder, the acceleration of the 


sjstem, and the force P. All rolling resistances and frictions are 


to be neglected 


Am P — 805 lbs 


491. This apparatus is being used to 
x-rjal /r , compress air. The crank is turning 

f /jfll N t£j I 'll | clockwise at 150 r p m The stroke is 

\ — fY ) | || [ IS inches The piston weighs SO lbs 

— Jk 4 £ and is 10 in in diameter The piston 

rod weighs 40 lbs Determine the force 
of the crank pin on the piston assembly when x — 3 in , the air 
pressure being 50 lbs /sq in at this instant. 

Solution 

When the piston is in the position shown, it has an acceleration ol a — xcJ 


~ *j. | ^wiait 


- X (5*)* = 01 7 ft /see *, toward the left The 

forces acting on the piston and rod which ha\o 
components in the direction of motion are as shown 
in the free bodj diagram 


The equation of motion is (§ 92) 


3910 - P = X Cl 7, P-S710K! 


492 Two bodies, A and B, 
having weights as indicated, rest 
upon the inclined planes shown 
Thej are connected by a flexible 
mextensible cord T. Diction is as 
indicated Neglect the mass of 
the pulley At a gi\ en instant when the bodies are at rest, the 
system is allowed to mote freely (a) Which waj will bodj A 
mote? (6) What is the acceleration of the sjstem? (c) What is 
the tension m the cord T during the motion? 

Am (6) 4 54 ft /sec (c) 159 lbs 
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493. The piston A weighs 300 lbs. The 
crank is rotating counterclockwise at 300 r.p.m. 
When the system is in the position shown, what 
is the force exerted on the piston rod at Q? 

An- s. 2610 lbs. 




lip 

Q c 


494. A weighs 60 lbs., B weighs 30 lbs., and 
C weighs 10 lbs. The coefficient of friction be- 
tween J. and D is 1/5. Neglect the stiffness of 
the ropes, their masses, and that of the pulley. 
Find the tensions in the ropes and the accelera- 
tion of the system. 


Solution; 

Each of the three bodies, A, B, and C, is being accelerated by the forces 
shown acting in the free body diagrams (a), (b), and Cc). Assuming the 


leorr. £ 


A\=eou fe) 



acceleration of A to be a toward the right, the accelerations of B and C are 
both equal to a and directed as shown by dotted arrows in (b) and (c) (§ 92). 


For body A: T B - 12 = X a. 

For body B: T c — T c -f - 30 o. 

For body C: 10 - T c = ^ a. 

7 no 

Adding: 40 — 12 = a, a = 8.0 fl. [sec.’. 

Then T s = 2S.S lbs., T c = 7J? lbs- 




DYNAMICS 


184 



495 A machine suggested by Reynolds for in 
v estignting the effects of rapidly changing compressiv e 
and tensile stresses upon materials consists of a rccipro- 
eating system The upper end of a test sample A is 
fixed in the cross head B A load Q of weight p is at- 
tached to its lower end The crank OC rotates about 
0 with a constant angular velocity Neglecting the 
squares and higher powers of the ratio r/l of the crank 
length to the connecting rod length, find the longitu- 
dinal force T acting on A 

Ans T = p + (j>lg)nA[cos at + (r/Z) cos 2uQ 


496 A street car oscillates harmonically in a vertical direction 
on its springs The amplitude of motion is 1 inch its frequency 
is 2 cycles per second The loaded cab weighs 20 000 lbs The 
truck and wheels weigh 2000 lbs Tind the force acting on the rail 

Ans Vanes between 30,170 and 13 830 lbs 

497 A sphere which weighs 1 gram falls under the action of 
gravity The air resistance is such that the equation of motion of 
the sphere is x - 490Z — 245(1 — e~ u ) cm , where x is the dis- 
tance from the starting point, at any time t Determine the air 
resistance as a function of the \eIocity t; of the sphere 

Ans R ~ 2v (R in grams, v m cm /see ) 

498 A body is dropped from a height h and falls to the ground 
Assuming the force of gravitation to be inversely proportional to 
the square of the distance from the center of the earth, find the 
time T in seconds taken to reach the surface of the earth and the 
\ clocity v at the instant it strikes the Burf ace Neglect the effects 
of rnr resistance 



499 A body weighing 45 lbs is thrown vertically upward with 
a velocity of GO ft /sec The air resistance is 0 03v lbs , where vis 
the v clocity of the body m ft /sec How soon will the body reach 
its highest position? 
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normal X io the sail plane, s is the sail area, vrhich is 50 sq. ft., and 
/ — O.OQISV? is a constant obtained by experiment. The force 
P is normal to the sail ab. Neglecting friction, find the largest 
possible velocity of the ice-boat and the angle a "which a p ennan t 
hung from the mast would mate with the sail plane at this 
velocity. If the ice-boat started with zero velocity, how far 
would it have to travel before it reached a velocity r = ~£ir? 

Atm. (1) r ctI = tr; a *= 0. (2) s = SCO ft. 


CURVILINEAR MOTION 

19. Curvilinear Motion. 


504. The motion of a body weighing lb. is given by the 
equations x = 2i in., y = 3 + t — of 5 in.; find the force in lbs. 
acting on the body. Ans. F, — 0; F, = — 0.00647 lb. 


505. The motion of a particle weighing 2 oz. is given by the 
equations x = 3 cos 2x1, y = 4 sin 2 xi, in inches. Find the pro- 
jections of the force acting on the particle as functions of its 
coordinates. , „ &nr .. Siriy 

An*. F,« -^otjF,- “asftoz. 



506. A 4-in. marine gun fires 
its shell weighing 3S lbs. with a 
muzzle velocity r 0 ** 2300 ft. per 
sec. Actual trajectories of the 
shell are shown in the sketch: 

(1) for a gun elevation of 45° and 

(2) for an elevation of 75®. For 
both cases find the increase in 
altitude reached and distance 
traveled if air resistance were not 
acting. 

(1) Sy = 7.S mi.; Sx = 31.2 mi.; 

(2) Sy = 14.5 mi.; = 15.G mi. 



507. A dirigible A flics at an altitude of 
1200 ft. with a velocity of 72 miles per hr. 
At what distance * before passing over a point 
B should a bomb be dropped from the dirigible 
to hit B ? Neglect the effects of air resistance. 

Jim. x *» 930 ft. 
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511. A body M weighing 2 lbs. is 
suspended on a string 12 in. long. The 
M other end of the string is fixed at 0, 
The body Jlf moves around a circular 
path on a horizontal plane, the string 
forming an angle of G0° with the vertical. Find the velocity t> of 
the body and tension T in the string. 

Am. v = 0.9 ft. /sec.; T = 4 lbs. 


512. A stone weighing 6 lbs. tied to the free end of a string 
3 ft. long moves around a circle in the vertical plane. The 
ultimate strength of the string in tension is 10 lbs. Find the 
angular velocity w at which the string will break. 

Ans. to = 2.67 rad./sec. 


513. The rails of a railroad track are banked in the curves— 
that is, the outer rail is at a higher level than the inner rail. 
This is done so that the weight of a car and its centrifugal force 
in rounding the curve will have a resultant in the direction 
perpendicular to the plane of the track. Find the difference in 
level h between the outer and inner rails in a curve with a radius 
of 1200 ft. around which the trains are to run at a speed of 
30 ft./sec. The rail gauge is 4 ft. 8^ inches. Ans. h *= 1.32 in. 

514. A load is weighed in the cab of a locomotive while it is 

rounding a curve at a speed of 48 mi. per hr. The load weighs 
10 lbs. but the spring scales suspended from the roof of the cab 
show a reading of 10.2. Neglecting the effects of spring scale 
parts, find the radius of the curve. Ans. 770 ft. 

515. A 4-lb. weight is suspended on a rope 3 ft. long. It is 
struck a blow winch gives it a horizontal velocity of 15 ft. per sec. 
Find the tension in the rope just after the impact. 

Ans. 13.3 lbs. 


5I<S. Find the maximum load on the pivot in the machine of 
Problem 624, assuming the weight of the hammer to be 40 lbs., its 
velocity at B being 20.4 ft./sec. Ans. 197 lbs. 

517. What is the angle between the rod and the vertical in 
the impact testing machine of Problem 624 when the load on the 
pivot is equal to zero? Ans. ^ *■= 48° 10'. 
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518. A safety device to prevent the over- 
speeding of a flywheel acts as follows: A 
plunger A weighing 3 lbs. is held in the rim 
of the flywheel by a spring S. At the limiting 
speed, 120 r.p.m., the plunger A protrudes far 
enough to hit the lug B on the slider CD of an 
automatic stop. The clearance at rest is 
cj~~' j "" 'j o c — 1 in. The center of gravity of A at rest 
is 4.83 ft. from the axis of the engine shaft. 
Find the characteristic of the spring S if the initial compression 
of the spring is negligible. Ans. 72.5 lbs./in. 

519. A man on a bicycle goes around a curve of 60 ft. radius 
with a velocity of 15 ft./sec. Find the angle between the plane 
of the bicycle and the vertical. Ans. 6° 39'. 

520. A rod AB weighing 10 lbs. rests on 
the. horizontal table D. Its ends bear against 
a smooth circular rim on the edge of the 
table. The system is rotating about the 
table center C at a speed of 200 r.p.m. 
Compute the reactions at the ends of the rod. 

Ans. 307 lbs. 

521. A particle of weight w moves on a catenary 

y = l A{z c + e-*) 

under the action of a force repelling it from the x axis. The force 
is proportional to (w(g)y. At t = 0, x<> = 1, and (v x ) 0 = 1. Find 
the motion of the particle and the force it exerts on the restraining 
curve. Ans. x = t + 1; F = 0. 

522. The radius of the earth is R = 636 X 10 6 cm.; its aver- 
age specific gravity is 5.5. The radius of the terrestrial orbit is 
approximately 148 X 10 11 cm., and the period of rotation around 
the sun is 365.25 days. Find the mass M of the sun. 

Ans. 197 X 10 31 grams. 

523. A particle of weight w travels under the action of a 
central force F on a path whose equation is r 2 = a cos 2<f>, which 
is a lemniscate, where r is the distance of the point from the center 
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of attraction and a is a constant. At the initial moment, r = r< 
and the velocity is t’ 0 directed at an angle a to the radius vector 
between the point and the center of attraction. Find the force 

F as a function of r. , „ 3ira J , , . , 

Ans. F = — fyt'o* sin J a. 
gr 


524. A particle of weight to moves around a fixed point 0 
under the action of a central force F which depends only on the 
distance OM = r. The velocity of the point is v = a/r, where a 
is a constant. Find the force F and the path of the particle’s 

Ans. F «*= — the path is a logarithmic spiral. 


motion. 


525. A mass of 1 gram is attracted to a fixed point by a force 
which is inversely proportional to the cube of the distance be- 
tween the mass and the point. At a distance of 1 cm., the force 
acting is 1 dyne. At time t = 0, r 0 = 2 cm., and the velocity 
r 0 = 0.5 cm./sec. is directed at an angle of 45° to the radius vector 
between the mass and the center of attraction. Find the motion 
of the mass. A ns. r = 2c*. 


526. A particle Af of 1 gram mass is attracted to a fixed 
center 0 by a force which is inversely proportional to the fifth 
power of the distance to the center. At a distance of 1 cm., the 
force is 8 dynes. At time t = 0 the particle is at a distance 
OMo = 2 cm. from the center of attraction, and its velocity 
t'o ~ 0.5 cm./sec. is directed normally to OM 0 - Find the path of 
the particle. Ans. r = 2 cos A circle of radius 1 cm. 



A ns. 


527. The boom AB of a crane carries a 
load of 40 lbs. It is supported by a pin at A 
and held inclined by a horizontal cord BC, 
and revolves around a vertical axis AC with 
a constant speed of 12 rad./sec. Neglect the 
weight of the boom, (a) What is the tension 
in the cord BC7 (6) What arc the compo- 
nents of the reaction at A? 

(a) 472.5 lbs.; (b) B* = 422.5 lbs.; R, - 40 lbs 
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528. A cylinder C weighing 20 lbs. rests 
upon the smooth inclined plane DE and is 
suspended by a cord AC which makes an 
angle of 30° with the vertical. The plane and 
cylinder are rotated about the vertical axis 
AB at a speed of 30 r.p.m. Determine the 
tension in the cord and the reaction of the 
plane on C. 


Solution: 

The cylinder C hss an acceleration ror directed toward the axis of rota- 
tion. The forces acting on the body C are shown in (a) and the effective force 


tVa** 

'•t 



(Vy*-***— 

\ \Z) ^ 7.65 


(b) 


system for body C is shown in (b). These two force systems are equivalent. 
Therefore 

T cos 30° - 20 + N sin 30 3 = 0, 

T sin 30° - N cos 30° = 7.66. 

Solving, we find 

T = Sl£ lbs., N = S4 lbs. 


529. The frame E rotates 
about the vertical axis CD at a 
speed of 30 r.p.m. A is a body 
which weighs 10 lbs. and rests on 
E bearing against the stop S. B 
weighs 20 lbs. and is suspended 
by means of a cord that passes 
over pulley F and is fastened to A. 
Compute the force on the stop S 
under these conditions, neglecting friction. At what speed of 
rotation would B be lifted? If the coefficients of friction for the 
contact surfaces of A and B are each 0.25, what speed of rotation 
would be required to lift B? Ans. 45.1 r.p.m. 




192 


DYNAMICS 


A C 

1 s 

I 

\ J] 

1 T fK •) 


L ‘ 

I i 

t~ 2 H 


the two balls. “What are the 
the table is rotated at 20 r.p.m 


530. The ball A weighs 10 lbs. 
and B weighs 40 lbs. These 
balls lie upon a horizontal rotat- 
ing table T, and bear against the 
stops S and S'. An elastic cord, 
the tension in which is 30 lbs. 
when the table is at rest, connects 
pressures against the stops when 
l. about the vertical peg at D? 
is. F a - 25.9 lbs.; F b m 19.1 lbs. 


531. A smooth sphere, weighing 2 lbs., is 
in a box rigidly fastened to an arm which can 
be rotated about a horizontal axis (perpen- 
dicular to the plane of the figure). The system 
is caused to rotate counterclockwise so that its 
speed is uniformly increasing at the rate of 2 
rev./sec./sec. When the arm is in the position 
shown, the speed of rotation is 3 rov./sec. 
What are the forces acting on the sphere at this instant? Repre- 
sent them on a free body sketch of the sphere. 




532. A board AB which weighs 20 
lbs. rests upon a horizontal table D, 
rotating counterclockwise with it about 
the peg C at a constant speed of 400 
r.p.m. Detcrmino the internal force 
acting on the section l-I of the board. 

Arts. 2180 lbs. 





533. The frame shown in the sketch rotates at 
a constant speed of 200 r.p.m. about its vertical 
axis AB. The block E, weighing 100 lbs., rests 
upon the rough board CD in such a position that 
its center of gravity is 3 ft. from the upright AB. 
Determine the frictional and normal reactions 
on E, assuming that E docs not slip on CD. 

Ans. R n *= 3200 lbs.; R, = 2350 lbs. 
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534. A flybaU F weighs 50 lbs. and is carried by 
the bar CE, which is supported by a pin. at C and 
a cord DE. When the whole system is rotated 
about the vertical bar AB at a constant speed of 
10 rad./sec., determine all the forces acting on 
the bars AB and CE. 



535. A conical pendulum rotates about the 
vertical spindle BC. The ball A, whose weight is 
30 lbs., is held in position by the cord AB and by 
the link AC, which is pinned to the ball at A and 
pinned to the spindle at C. The angular velocity 
is a = 4- rad./sec. Find the tensions in the cord 
AB and the link AC. 

Arcs. T b — S7.41bs.; T c = 91.3 lbs. 



of rotation will body C start 


536. A frame is rotating about 
the vertical shaft A. A body B 
rests on a horizontal platform and 
bears against the stop S. B and 
C are connected by a cord which 
passes over pulley P. C hangs 
suspended under the platform 
and bears against the stop Q as 
the frame rotates. At what speed 
d rise? Ans. 3.1 rad. per sec. 


o 



537. A governor of Watt’s type rotates around 
its vertical spindle with a constant angular veloc- 
ity a. All the links in the governor have the 
same length 1. Find the angle between OA and 
the vertical. Consider only the effects of the 
weights p of each ball and the weight p x of the 


bushing C. 


Ans. 


9 = 


cos -1 


(p Hr Pi) 

pi or 


538. A particle of mass m having a negative electric charge 
q enters a uniform electrostatic field of intensity E with a velocity 
t'o normal to the direction of the field. Find the path of the 
particle in the field, where it is under the action of a force F = qE 
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opposite to the direction of the field. Neglect the action of 

B,avity - An,. y=l S**. 

2 mv o 1 

539. A particle of mass m, carrying a negative electric charge 
g, enters into a magnetic field of intensity H with a velocity r 0 

normal to the direction of the field. Find the path of 
| p motion of the particle after it enters the field if the force 

3r i v m acting upon it is F — gHv. F is directed perpendic- 
ularly to H and v, as shown in the sketch. Neglect tho 

' action of gravity. , , . , t v 0 m 

° J Ans. A circle of radius • 

qll 

540. A particle of weight ip oz., moving in a vertical plane, is 


attracted to a fixed point by a force which is proportional to the 
distance from the point. It is also acted upon by the force of 
gravity. The attraction to the point is k oz. at 1 in. distance. 
At time t ~ 0, x => a, v* = 0, and r, = 0. Give the equation of 


motion. 


. tp jp 

v -~k'Ta X - 


oi 541. A body M weighing p = 200 gr. 13 

X suspended on a string OM of length a ** 2 in. 

'jX The other end of the string is fixed at O on the 

* vertical axis OA. Attached to M the string 

c 3 >s. MMj of length b ~ 2/V3 in. carries on its free 

A oir t e nd the body M\ weighing p = 200 gr. Tho 

system rotates around OA with a uniform 
angular velocity w. The angles and ^ between the strings and the 
vertical are such that tan $ — (4/5) tan Find the angles $ and 
\b, the angular velocity «, and the tensions T* and T b in the strings. 

Ans. $ = 33° 30'; * = 39° 40'; T. = 4S0 gr.; T h = 2G0 gr. 



542, A governor js running steadily 
at a speed of ISOr.p.m. Due to a change 
in load, the engine speeds up and the 
balls move outward with a relative ve- 
locity of tz *= 0.6 ft./sec. The balls each 
weigh 20 lbs. Neglecting the weight of 
the linkage, find the additional forces on 
the bearings Ci and C\ duo to the 
Coriolis acceleration. 
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Note: In the solution take the angles between the arms and the spindle 
to be 45° and consider the deviation from the normal speed as negligibly 
small. 

Ans. F = 99 lbs. 


543. A ring slides on a smooth rod 40 in. long. The rod 
rotates around one end in a horizontal plane. It has a speed of 
60 r.p.m. At time i — 0, the ring is 30 in. from the center of 
rotation and its relative velocity is zero. Find the tim e t at 
which the ring will leave the rod. 


Solution: 

No force component acts on the ring along the rod; the component a T of 
the absolute acceleration a of the ring along the rod is zero, a = a., 4* Orel 
+ flcor (§ 72). Ccor sets normally to the rod, has no component along the 
rod; Gtr — ror and is directed toward the center of rotation; a n i is directed 
along the rod from the center. Therefore a r = a^i — ror = 0; a„ i = roP 
= 4r. rr in. /sec. where r is the distance of the ring from the center of rotation. 

Since = dufdl = <rr[dP, where ti = drfdf, is the relative velocity of 
the rins, cPr[dP = 4r = r, with u = 0, r = SO at t = 0. Integrating (§ 856), 
<T-r[dP = du'dl = vdu/dr = 4v'-r, or d(u-) = 4v-d(r=); u’ = 4Tw(r= - 3T). 
From this equation u = dr/dt = 2r^r — 900. Integrating once more, we have 


atr = 40 in., h = 



t = — log (r+ Vr= - 900)’, 

0.1S see. 

544. The pipe AB rotates around a vertical 
axis CD with a constant angular velocity a. The 
angle between AB and CD is 45°. A heavy small 
ball AT is in the pipe. At time t — 0, its velocity 
is zero and its distance from O is a. Neglecting 
the effect of friction, find the motion of the ball. 

Ans. x — -f (a — ~F 1 cosh (0.ou’fV2). 

or \ or ) 


545. A projectile weighing p lbs. is shot into the air at an 
angle a to the horizontal, with a velocity v 0 . Assume the re- 
sistance R offered by the air to be proportional to the velocity: 
i? = fv lbs. Find the motion of the body under the action of 
gravitational and frictional forces. 


Ans. 


p t’o cos a 
x = 




fg 


(1 ~ e ’ ), 




-nt 
e v 
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546. An elastic thread fixed at A passes through 
a smooth ring at 0 and has a ball Af weighing m oz. 
attached to its free end. The free length of the thread 
is l = AO and its spring characteristic is k oz. for 
1 inch elongation. The thread is stretched along AB 
until its length is doubled and the ball M is given a 
velocity i' 0 normal to AB. Neglecting the effect of 
gravity, find the path of the ball. 


A ns. 


z'gk , y* 

tmv l 1 


= 1 . 


547. A particle M of weight p is attracted to n fixed coplanar 
points Ci, Ci, Ci, ' • •, C n by forces proportional to distances from 
the points. The force of attract ion t o any center C { (i = 1, 2, 3, 
may be written k< X MC X . Neglecting gravitational 
forces, find the motion of the point. At t =* 0, x = x 0 , y - y 0 , 
v x - 0, and v v = v 0 . 

(fey + - fe «» - «>j =i ; 

which is an ellipse; a = Zk,x,-, b = lk,y,‘, k *= Zk„ 


548. A particle M is attracted to two points Ct and C t by 
forces proportional to the distances from the points: /i = k(MC{) 
and f s = k(MCi). The point Ci is fixed at the origin of the 
coordinate system. The point Ci moves with a constant velocity 
along the x axis: xi — 2(a + bt). At time t = 0, M is in the 
xy plane with x ~ y = a and the components of its velocity nrc 
t’* = = h, v y = 0. Find the path of the particle M. 


2i2 - 1. 

V 


MOTION OF RIGID DODIES 
20. Principle of D'Alembert. 

549. A system consists of three 
bodies connected by the inexten- 
sible cords shown. The weights 
and coefficients of friction are as 
shown. Neglect the masses of the 
pulleys. At a certain instant when 
the bodies are at rest, the system is allowed to move freely, (c) 
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'What is the acceleration of the bodies? (6) What are the ten- 
sions in the cords T 1 and TP 

Ans. a = 1.55 ft./see. 2 ; Ti — 196 lbs., T» = 95.4 lbs. 

550. The roadbed of a railroad track compresses 1 in. under 
a load of 130 lbs./sq. in. A locomotive passes over the rails. 
Its driver rotates at a speed of 420 r.p.m. The static load of 
the driver is 14,000 lbs. and the driver has an unbalanced counter- 
weight of 193.2 lbs. at a distance of 12 in. from the center of 
rotation. The load is transmitted to the roadbed by half of a 
tie which is 10 in. wide and S ft. 4 in. long. Neglecting the elastic 
effects of the rail and ties, find the range of deflections of the road- 
bed under the action of the moving load. 

Ans. The deflection varies from 0.01S in. to 0.197 in. 

551. A locomotive moves with a uniform acceleration and 
attains a speed of 4S mi. per hr. in 20 seconds after it starts. 
Find the position of the water surface in the tender-tank. 

Ans. A plane inclined to the horizontal at an angle a = 6° 15'. 

552. At the beginning of an upward grade, a highway makes 

a circular curve of 1800 ft. radius, in a vertical plane. A car 
weighing 3400 lbs. travels at a speed of 60 miles per hour. At 
rest, the springs of the car are compressed 6.8 inches under its 
weight. What is the deflection of the springs while the car passes 
the curve? Ans. 7.5 inches. 


553. The platform BC of 
the scale shown schematically 
in the sketch weighs 120 lbs., 
while the weight tray A weighs 
2 lbs. The box Q weighs 4 00 
lbs. and is balanced by the 
weight q, which weighs 10 lbs. Neglecting the weight of the 
several rods, what is the acceleration of A if a K lb. weight is 
put on the tray? Ans. 3.4 ft./secA 




554. A street car has a power 
truck A and a pony truck B . The 
center of gravity is at equal dis- 
tances h- from the truck pivots, 
and is at an elevation h above the 
rails. The coefficient of friction 
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between the drivers of A and the rails is /. What is the maximum 
acceleration the motors can gi\e to the car without having the 


wheels spin? 


Ans. 


fff 

2(1 —/ A /0 



S55. A flexible inelastic cord passes o\ er a pulley 
and carries two loads AA and AA at its ends. Aft 
weighs pi lbs. and AA weighs p* lbs p s > pt. Find 
the acceleration a of the loads and the tension T in the 
cord. Neglect the inertia effects of the pulley. 


Ans. a = 


T = 

P» + Pi 


2p»P» . 
Pi + Pl 


~ZMZ 556. The system of pulleys shown in the sketch 
Y camcs two loads Aft weighing 10 lbs and AA weigh- 
ing 8 lbs. Fmd the acceleration a. of the load AA> 
neglectmg the masses of the pulleys. 



Solution 

The acceleration a t of AA is equal to half the ac- 
celeration a, of AA, Oj «* a t l~ The sketch shows 
the external forces trj and tr, and the inertia forces n 
and tj acting on the system Ah these forces are in 
static equilibrium (§ 91o) iri + »i “ 2(trt — it), or 

n-,+ S a ,. 2 («.,_!■ o,)- 


SST. Two loads, AA weighing pi and AA weigh- 



ing p it hang on two inelastic rop^s wound on two 
pulleys which are ngidly mounted on a common 
axle The radn of the pulleys are n and r } The 
loads mo\ e under the action of gravity. Find tho 
angular acceleration a of the pulleys, neglecting the 
effects of their own masses. 


Ans. a 


vtu — v in . 
9 PiA* + Pin 1 
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558. A system consisting of a fixed pulley A and 
a moving pulley B is shown in the sketch. The 
pulleys carry three loads M u ilf 2 , and M z by means 
of inelastic cords, as shown. The loads weigh wi, w 2) 
and ic z ; < (tc 2 -f tc 3 ) and tr 2 = w 3 . At a certain 
instant all the masses start to move. Neglecting the 
effects of the masses of the pulleys and strings, find 
the relationship between Wi, id*, and w s for which the 
weight Afi will move downward from rest. 

Arcs. > - W - iWz • 

10" yj 3 



559. An SO-lb. weight M lifts a load M i by means 
of a block and tackle. M\ and the part of the tackle 
which moves weigh 300 lbs. The radii of the larger 
pulleys are r and those of the inner pulleys are Ti. 
The large pulleys each weigh 5 lbs. and the small 
pulleys each weigh 1 lb. Assuming the masses of the 
pulleys to be distributed around their rims, find the 
acceleration of the weight M. Arcs, a = 0.047 g. 


21. Translation of a Rigid Body. 

560. A box A, 3 ft. X 2 ft. X 4 ft., 
weighs 1000 lbs. Assuming that 
the box will not slip on the carriage, 
what is the maximum weight that 
B may have without causing A to 
tip over when the acceleration of 
the carriage is 8 ft ./sec. : to the right? 
The friction and weight of pulley D may be neglected. 

Solution: 

The box shown is undergoing a motion of translation. At the instant that 
a tipping motion is impending, the forces acting on the body are as shown on 
page 200 in (a) and the effective force system is as shown in (b). The two 
force systems are equivalent (§ 92); therefore: 



SMa = 1000 X 1.5 - 4 T = 24S X 2, 


T = 251 lbs. 
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At this same instant body B has an acceleration of 8 ft /sec 1 upward 

T ~ W *~Si X8 > 251-W B ^^SX8 W B -£02lb* 


(a) (b) 

S61. A is a rectangular pnsm weighing 
2000 lbs which rests upon freight car B 
Assuming that A does not slip on B t what 
must be the acceleration of the car to cause 
A to start tipping? If the coefficient of 
friction between A and B is 0 5 and the acceleration of the car is 
gradually increased, will A slip before it tips? 






562 The 320 lb door is sus- 
pended from shoes which rest 
upon a horizontal track, as in 
the cut The coefficient of fric- 
tion between the shoes and track 
isO 25 What force Pis required 
to gi\ e the door an acceleration 
of 10 ft /sec s ? What are the 
reactions of the shoes on the 


track? What will be the acceleration of the door after P is 


removed? 


Ans P « 179 lbs 



563. The straight post B rests upon 
the front edge of the car A, which is 
ascending the 30° incline with an ac- 
celeration of 20 ft /see 1 At what 
angle 0 must the post be inclined in 
order that it may maintain its posi- 
tion? Ans 0* = 07° 35'. 
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564. The driving wheels of a 
locomotive rotate at a speed of 360 
r.pjn The crank radius r = 1.5 
ft.: the length of the side rod l = 6 
ft.: the weight of the side rod is 
150 lbs. Assuming the rod weight 
to be u n iformly distributed along its length, find the iner tia 
forces acting per unit length of the side rod. 

Arcs. 1660 lbs. per foot. 




sketches showing the forces acting on the side rod. 


566. A homogeneous cylinder weighing 
100 lbs. is being drawn up the 20“ incline 
by the force P which acts parallel to the 
plane. The coefficient of friction between 
the cylinder and the plane is 0.2. Deter- 
mine the limits of x. of the point of applica- 
tion of the force P. within which the cylinder will not tip over. 

Arcs, x ~ 1.34 ft. to 2.2S ft. 

567. A timber of length l is dragged behind a truck. One end 
A slides over the surface of the road: the other end B is tied to 



the truck when the timber and the rope form a str aight line. 

Arcs, a == (gfh) ^,{1 b)~- — h'. 
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\ pj* 568 Blocks A and B are connected by 
VifVC& a stnng, fastened m the position shown, 
a-yAvW and are drawn up the 30° inch no by the 
\AWm force P. A weighs 160 lbs and B weighs 

4 \f$r /a25 2 56 lbs Determine the greatest force P 

------- and the limits (x) of its pomt of application, 

such that neither body A nor B will tip over 

Ans P = 360 7 lbs , * = 1 08 ft to 3 55 ft 

22 Moment and Product of Inertia. 

pi 569 Use the calculus to determine, directly, 

^ \ I the moment of inertia of this homogeneous right 
J_ Lj parallelopiped with respect to the line OY (Do 
a^x not use the parallel axis theorem ) Show the di- 
mensions of any elements chosen, and use limits of 
integration to apply to the axes here shown 

570 Determine the moment of inertia of 
A /\~ A the homogeneous rectangular parallelopiped 

s J with respect to the median line A- A of 

A" l0 „ yi" one face The density of the material is 
~ 0 3 lb /cu m Ans I a = 2 641b m see * 

n J4 „ 571 The material of the body shown weighs 

JS 5 "'" Jr-y*] „ 0 3 lb per cubic inch (a) Locate the center 
I I J 1 ^ of gravity of the body (6) Determine h, the 
x moment of mertia about the x axis (c) Do- 

2 ,e termme the product of inertia P It 

Solution 

(а) The body is symmetrical with respect to an xz plane that passes 
through the center of gravity Q = 6 in The x and z coordinates can bo 
found by considering an area m the xz plane (5 38) 

8 X J8 X 9 4-8 ,X 21 X 12 
8X18+8X24 

. 16X18X8+6X8X4_,,.. 

8 X 18 +- 8 X 24 ** 

(б) Considering thebodyas two rectangular parallelopipeds (5 03), we ha\ e 

/. - 1 x 1CX1 - 2 ^ 18X03 x osr+m 


,6X8X12X03 


(8* + l?) - 357 + 31 « 555 lb i 
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(c) The product of inertia is found by using the parallel-axes theorem 
(§9S): 

P„ - MS X <S X 9 > + ■X.8XUXM (21 x 


3S6 

= 193.4 -f 37.6 = 231 lb. in. sec 2. 


572. A rectangular parallelopiped, 15" 
X S" X 10", has one comer cut array as 
shown. The portion cut out is itself 
a rectangular parallelopiped, 5" X 3" X 
4". The material of the body weighs 
0.2S3 lb./cu. in. (a) Locate the center of gravity, (b) Find the 
moment of inertia I = about the x avis, (c) Find the product of 
inertia P z: . A 71 S. x = 7.22 in.; y = 4.S4 in.; z — 3.S7 in.; 

I = = 43.3 lb. in. sec. 2 ; 

P = - = 22.S lb. in. sec. 2 . 




573. The hollow cylinder shown has an inner 
diameter of 12 inches, an outer diameter of 20 
inches, and a length of 6 inches. The cylinder 
is made of wood weighing 45 lbs. per cu. ft. 
Eight holes are drilled entirely through the cyl- 
inder, in a direction parallel to the geometric avis of the cylinder. 
Each hole is 2 inches in diameter, and its own avis is at a distance 
of S inches from the avis of the cylinder. A solid steel pin is 
fitted into each hole, completely filling it. Calculate the moment 
of inertia of the entire body with respect to the avis of the cylinder. 
Steel weighs 490 lbs./cu. ft. Ans. I = 12.0S lb. in. sec. 2 . 


574. The moment, of inertia of this rec- 
/ tangular parallelopiped with respect to the 
'' G geometric avis GG is 17.75 lb. ft. sec. 2 . The 
* 2 '' parallelopiped has the dimensions 18" X 24" 
X 42" as shown, and weighs 40 lbs. per cu. ft. 
Determine the moment of inertia with respect 
to the XX avis indicated. (GG and XX are 
parallel to the lS-in. edge.) Ans. /- = 2S.35 lb. ft. sec. 2 . 





204 


DYNAMICS 



575. For the triangular wedge shown: (a) 
Compute the product of inertia P v , . (6) Com- 
pute the moment of inertia I , with respect to 
the z axis. 


576. A body consists of a right circular cone made of wood 
(54 lbs./cu. ft.) and of a hemispherical base made of concrete (150 



Ibs./cu. ft.). Find the moments of inertia about the vertical axis 
and about a diameter MM. 

Ans. I. = 1290 lb. ft. sec. 5 ; I„ = 2320 lb. ft. sec .*. 



577. A body, of uniform density, consists of a 
solid right circular cylinder mounted on a solid 
hemispherical base. The weight of the body is 
4 oz./cu. in. Find the moments of inertia about 
the geometric axis MM and about a diameter NN 
of the top of the cylinder. 

Ans. I„ = 24,575 lb. in. sec. 5 ; 

In = 186,900 lb. in. sec*. 


578. Find the moment of inertia I about tho 
axis of rotation and the product of inertia P*» 
of the pedal shown in sketch. 


579. Find the moment of inertia about the axis of rotation 
OZ and the product of inertia P r , of the two balls carried by tho 
bar CD of Problem CSS. 
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23. Rotation, of a Rigid Body about a Fixed Axis. 



580. The body A descends 8 feet from 
rest and then strikes the ground. The 
axle diameter is 6 in. and the axle fric- 
tion is 30 lbs. How many turns will 
B make after .4 stops? "What is the ten- 
sion in the cord before A stops? 

-Ans. 8.01 turns; T — 55 lbs. 


581. The bod\' A has an initial velocity of 20 ft. per sec. down 
a smooth 30-degree plane. It 
is stopped by a brake which 
develops a friction of 125 lbs. 
at the point B. Neglect the 


t r-160 




axle friction; but take into account 
the mass of the drum and the brake 
wheel. How far will the body .4 move down the plane? What 
is the tension in the cord while the body A is sliding down the 
plane with the brake set? Ans. 38.2 ft. 

582. The body A weighs 96 lbs. and has 
a cylindrical portion B whose radius is 3 in. 
The body rotates 8 in. out of center about a 
horizontal axis at B, normal to the plane in 
which the figure is shown. The body is also 
acted upon by a 50-lb. pull as shown. Its 
moment of inertia with respect to the axis 
through the center of gravity G is 2 lb. ft. sec. 2 , and at the instant 
the body is in the position shown, the angular velocity is 4 rad./sec. 
Determine the angular acceleration and the axle reactions for the 
position shown. 

Ans. a = 5.S5 rad./sec.; R = = — 5.9 lbs.; R v = 113 lbs. 
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583. The body A rotates about a horizontal axis at 0, and its 
mass center is at G. Its radius of gyration with respect to the 
axis of rotation is 15 in. Neglect the mass of D and neglect fric- 
tion on the bearing at 0. What are the horizontal and -vertical 



components of the axle reaction at 0 when the body is in the 
position shown? The angular velocity at the instant is 4 rad /sec. 
clockwise. 

Solution • 

The force system consisting of the forces acting on the body A shown in 
(a) w equivalent to the effective force system for A shown in (b) (§ 101). 



(a) (b) 


The acceleration of body Bis$£a, where a is the angular acceleration of 
body A. The equation of motion for body B is 


257 6 2 

32 2 X 3 a * 


For the body A, we have 
2 _ 


T-y 483 X 1 X0S66 




l(2 5 76 -^| x I«) + 41 S-23«<,, 

171 8 + 418 => (3 55 + 23 45)<x, a - 21 8 rad /sec *, T - 141 4. 

Then 

ZF, « 0, — 483 •= 240 X H - 15 X 21 8 X 0 866, O t “ 318 lit , 
2F, - 0, - T - 15 X 21 8 X 0 5 -}- 240 X 0 866, 

0, - 141 4 + 163 5 + 20S - BIS Ibt 
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584. The motion of the drum C 
is controlled by the brake while 
the load B is lowered. 

(a) What force P on the brake 
will stop B in 4 seconds? 

(5) What is the tension in Q while 
B is being stopped? 

(c) What constant acceleration 
will stop B in 4 seconds? 

(d) How far does B travel in these 
4 seconds? 



Sdvlior,: 

(c) Tie frictional force acting to stop the dram is expressed 
in terms of force P. Considering the equilibrium of the brake 
lever, we msy write 

=5 P - N = 0, X = 5P, F = 0.4X = 2P. 
The dram is rotating sbont s fixed axis under the action of a 
constant torque (§ 101); hence we have 

ZM = la, T X 3 -4 X 2P = X^ct. 

For the body B, we have 

320 - T = Jf^ c, and c = 3a. 


To stop B in 4 seconds, we mast have 


cs = 20 c(4) =0, c = — 5 ft./sec. 1 (upward), 


a = — 5/3 rad./sec. 1 . 


From the above equation, we find 

T - s.'P = 24.3( — 5/3), 
320 — T = 9.93(- 5), 


320 -H? = ~ p0 - 15 > 
P = 15JL lbs. 



585. This block is 4 ft. long, 6 in. wide, and 3 in. 
thick, and weighs 352 lbs. It rotates in a vertical 
plane about a horizontal fixed shaft at Q. At the 
instant it is in the position shown, it has a speed of 
60 r.p.m. and is changing its angular velocity due 
to the action of gravity. Neglecting axle friction, 
determine the components of the axle reaction. 

Am. R s = 152 lbs.; R v = - 59 lbs. 
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586. The outer diameter of this hollow cyl- 
inder is 8 ft., the inner diameter is 3 ft., and its 
length is 1 ft. The weight of the material is 
100 lbs./ft.’. The cylinder is rotated about a 
horizontal axis AB. Its speed when in the posi- 
tion shown is 40 r.p.m. Determine the axle 
reactions. 

Ans. R , = SOSO lbs.; R, = 9630 lbs. 


587. The weight D, which is 
being lowered, has a velocity of 
10 ft./sec. when the foot brake is 
applied. The force P is 200 lbs. 
and friction at C has a coefficient 
of Y* Use the acceleration 
method to determine whether 
the system will stop. What is the tension in the cord Q alter the 
brake is applied? How far will body D move during the first 
two seconds after the brake is applied? 

Ans. Tq - 1041 lbs.; s = 17 ft. down. 



588, The weight D is moving downward with a velocity of 
20 ft./sec. A load of 640 lbs. is lifted by a rope wound on the 
12-in. drum. Find the acceleration of the body D and the tension 
in the cord Q. Ans. ao — 8.3 ft. per sec.*. 




589. Weights, A = IGOlbs.and 
B = 96 lbs., are connected by 
ropes wound on the step pulley C . 
The diameter of the larger pulley 
at C is 4 ft. and of the smaller is 
2 ft. The weight of the two pul- 
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leys combined is 2 IS lbs. The radius of gyration of the two 
pulleys combined is 1.5 ft. Determine the acceleration of A and 
the tensions in the two cords P and Q. 

Ans. as — 3.76 ft. per sec. 5 ; P = 26.S lbs.; Q = 24.S lbs. 



590. The foot brake AC is ap- 
plied to the drum D when a weight 
IF is being raised at a speed of 
20 ft./sec. D weighs 960 lbs., its 
two diameters are 6 ft. and 10 ft., 
as shown, and its radius of gyra- 
tion is 4 ft. E weighs 192 lbs., its 
diameter is 4 ft., and its radius of 


gyration is 1.5 ft. Determine the retardation of IT and the 
tensions P and T in the rope. How much farther will TF rise 
before stopping? Neglect axle friction. 

Ans. a = 21.6 ft. per sec. 5 ; T — 1050 lbs.; P = 97S lbs. 


24. Plane Motion of a Rigid Body. 

591. A homogeneous cylinder which is 3 ft. in diameter and 
which weighs 644 lbs. rolls down an inclined plane that makes an 
angle 6 with the horizontal. If the coefficient of friction/ = 0.3, 
find the maximum angle 6 for which the cylinder will roll without 
slipping. Compute the acceleration of the center O and all forces 
acting on the cylinder. 

Ans. 6 = 42\ a = 14.3 ft. per sec. 5 . 

592. A solid spherical body A 
having a radius of 9 in. and a weight 
of 12S.S lbs. is connected to a second 
body B by a cord which passes over 
a smooth peg. The cord is fastened 
to an axis through the center of the sphere which rolls on the 
p lan e. Body B, weighing 161 lbs., slides on the inclined plane. 
If at a certain instant the body B is moving up the plane with a 
velocity of 10 ft. per second, find the acceleration of B and the 
tension in the cord. Ans. a = 7.4 ft. per sec. 5 ; T — 105 lbs. 

593. At a certain instant body C is moving up the plane with 
a velocity of 20 ft. per sec. The cylinder A rolls on the plane 
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•without slipping, and as it rolls the rope is wound onto the 
cylinder, (a) Determine how far the center of A will move 



before it stops. (&) What is the tension in the cord AB during 
this time? 

Solution: 

The equations of motion for the bodies A, B, and C are written with ref- 
erence to the free body diagrams (a), (b) and (c) (§ 106a). For A, we have 



For C: 

341 + f, -Q -^oc, K, - 4S3 X 0.707 - 0, 

K, -ill lbs, F, - lHIbi 

The relations between the accelerations are 

ox ■” rc*j, — 3as, 2 aj —■ ttc, a B “ 73 04 , cc ” 4/3 as- 



MOTION OF RIGID BODIES 


211 


Solving the above equations, we find 

P -Ft- 112.7 = la a, 

P + Ft = 3.5a^, 

4/3 Q - 2P = 4 X H X (2.25) 5 X 2/3 oa = 9a*. 

455 X 4/3 - 4/3 Q = 20 X 4/3 a A . 

Adding, we get- 

607 — 112.7 = 46.15(3^, a.i = 10.7 ft-./sec. 5 . 

The distance traveled by center of body 4 is s = 10.5 ft. The tension is 
P = 118 lbs. 

;-a a 594. A straight uniform bar AB slides down 

with its upper end against a smooth vertical wall 
I \ and its lower end on a smooth horizontal floor. 

| \ The bar is S ft. long and weighs S0.5 lbs. It is re- 

f\ B quired to determine the angular acceleration of the 

bar when 0 = 60. Also determine the forces actmg 
on the bar at A and B. 

Ans. a = 3.02 rad. per sec. 2 ; Ra = 26.1 lbs.; R B = 65.4 lbs. 



595. A cylinder 5 ft. in diameter with a 
hole through it as shown, rolls without slip- 
ping on the inclined plane. The body weighs 
644 lbs. When the body is in the position 
shown, the velocity of the center is 5 ft. per sec. 
down the plane. Calculate the angular accel- 
eration and all the forces acting on the body. 
3.6 rad. per sec. 2 ; F = 126 lbs.; N = 572 lbs. 



596. A wheel and drum weigh- 
ing 161 lbs. are rigidly fastened 
together as shown for body A in 
the diagram. The rope is wound 
around the drum of A and over a 
pulley B, whose diameter is 2 ft. 
A is supported on a smooth inclined 


plane. Determine the acceleration of the body C. The cord 


between A and B makes an angle of 30° with the horizontal. 


Ans. 17.6 ft. per sec. 2 . 
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a.ieubt*— 1 5 * 597. A wheel and drum rigidly 

fastened together have a total 
weight of 161 lbs. Their radius of 
gyration with respect to a gravity 
axis at right angles to the plane of 
motion is 1.5 ft. The wheel rolls 
without slipping. A cord which 
wraps around the drum passes over 
a small pulley and supports a weight of 12S.8 lbs. Determine the 
acceleration of the body B and all the forces acting on B. 

Ans. ob — 0.91 rad. per sec. s ; T = 132 lbs.; F = 61.1 lbs. 




59S. A circular cylinder A of weight to has a 
thread wound around its middle. One end of the 
thiead is fixed at B. The cylinder is dropped and 
falls vertically, unwinding the thread. Find the 
velocity v of the cylinder’s axis after it has descended 
a distance h. Find the tension T i n the thread. 

Ans. v = (2/3) V3p7T; T = tr/3. 


599. A solid cylinder M of weight P and radius r has two 
strings wound around it. The windings arc symmetrical with 
respect to the middle plane of the cylinder and 
they are parallel to the bases. The cylinder is 
placed on an inclined plane AB and the strings 
are tied to a rod C at a distance AC ■= 2r from 
the surface of AB. The coefficient of friction 
between the cylinder and the plane is /. The 
cylinder starts from rest sad mores down the plane under the 
action of gravity. Find the distance S through which the center 
of gravity of the cylinder moves in time t and the tension T in 
the strings. 

Ans. S — ^(sin « “ 2/ cos T — >gP(sin a 4 - /cos a). 



. . 600. A thin rod of length 21 and weight 

j . j P lies on two supports A and B. The 
center of gravity C is equidistant from both 



WORK AND ENERGY 


213 


supports. CA = CB = a. The force on each support- is J^P. 
How will the force on A change when B is suddenly removed? 


Arcs. R A = P 


r- 


l 2 -{- 3a 2 


WOBK iSB EN'EEGT 

25. Work and Energy. 

O^ica t. 601. A body C is moved up the plane by 

the horizontal force P and the force Q. The 
— — frictional resistance is 10 lbs. C weighs 40 

lbs. Compute the work done on C by each 
force acting during a displacement, from A to B, of 20 ft. What 
is the total work done? Ans. -f- 3030 ft. lbs. 


Af- 


■y. / 


'? S J, 

' if 


U -/. st 

pr- 




602. A body M is caused to move from A to 
B by the action of several forces. One of these 
forces P, whose magnitude is 10 lbs., is always 
directed toward C. How much work does this 
force do while M moves from A to P? 

Ans. 4- 40 ft. lbs. 



603. ABC is a smooth rail in the form of a 
vertical semicircle of 4 ft. radius; D is a body 
weighing 50 lbs. which can be made to slide 
along the rail. P is a force of 150 lbs., always 
inclined 30° to the horizontal; Q is a force of 
40 lbs., always directed along the tangent. Compute the work 
done on D by all the forces acting on it while D is moved from 
A to B. 

Solution: 

The work done by each force is TT = j'p cos 6 ds (§ 110). 

TT 0 = 40 X cos 0 X ds = 40 X 2- = Sol ft. lbs. 

TTp = 150 cos ^ 90° - | - 30° ) ds 

= 150 j J* cos ( 60° - ds = 820 ft. lbs. 

TT G = - 50 X 4 = - 200 ft. ros. (§ 110b). 
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# 604 C is a bead on a circular wire ABD 

and is subjected to four forces F , P, Q, and 
S F = 10 lbs and is always horizontal 
Q = 100 lbs and acts at an angle $ to the 
horizontal which is always equal to angle a 
S is a tangential force and its % alue in pounds 
is 40s*, where s is the arc AC in feet P is 
40 lbs and is always directed toward D 
Compute the amount of work done by each force for the dis- 
placement of C from A to B 

Ans Wr - 40 ft lbs , TT 0 = 400 ft lbs , 7F a = 3307 ft lbs , 
TF, = 94 ft lbs 

605 A train weighing 1, GOO, 000 lbs is moving with a \ elocity 
of 45 ft /sec when the engineer shuts off the steam The tram, 
decelerating uniformly under the action of friction, coasts 6000 
ft and comes to a \ elocity of 6 ft /sec Find the energy m 
ft -lbs lost in frictional work up to this pomt and the time it 
takes to coast the G000 ft 

Ans E - 49,500,000 ft lbs , l = 235 seconds 
606 A shell weighing 12 lbs leav es the muzzle of a gun with 
a \ elocity of 1710 ft /sec , having tra\eled G ft inside the barrel 
Find the average force P of the powder gases while the shell is 
moling through the gun Assuming the gas pressure constant, 
find the time necessary for the shell to travel through the gun 
barrel 'What resisting force would be necessary to stop the 
shell in a distance of 0 3 ft ? 

Ans (1) P = 91,000 lbs , t = 0 0070 sec (2) 1,820,000 lbs 


607 Find the horsepower of an engine which lifts a hammer 
weighing 440 lbs to a height of 2^£ ft 120 times per minute 
Solution 


The work done by the machine in one minute is (§ 110a) 
TT ~ 120 X (2M X 440) - 132 000ft lbs 
The machine develops 132 000 ft lbs /mm or 
132 000 
33 000 


- 4HP 


(5 114 table of units) 

608 Niagara Tails is 200 ft high and 286,000 cu ft of water 
flow over it every second Imatra Falls is 40 ft high and 13,000 
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ca. ft. of water flow over it every second. Compute the horse 
power of these two falls. 

Ans. Niagara: 6.500.000 H.P.: Imatra: 59,000 H.P. 

609. The central station of a car line supplies power to 45 
cars each weighing 20,000 lbs. The frictional resistance is 2% 
of the car weight and the average velocity of each car is 10 mi. /hr 
Find the horse power developed by the central station. 

Ans. 4S0H.P. 

610. A pump driven by a 2 H.P. motor lifts 150,000 cu. ft. of 
water 10 ft. The overall efficiency of the installation is S0%. 
How long does it take to pump the water? Ans. 29hrs., 30 min 

611. A coal barge is unloaded by means of a bucket weighing 

1000 lbs. and having a capacity of 1000 lbs. The barge contains 
3,600,000 lbs. of coal and must be unloaded in 10 hrs. The coal 
is lifted 27.5 ft. by the bucket. "What is the effective horse power 
of the motor driving the bucket? Ans. 10 BLP. 

612. A weight of 40 lbs. is pulled up an inclined plane through a 
distance of IS ft. The angle between the plane and the horizontal 
is 30' and the coefficient of friction is 0.01. Calculate the work 
done by the friction force and the weight. Atzs. 366.2 ft. lbs. 

613. The engine of a steamer traveling at a speed of 16.5 knots 
develops 5054 indicated horse power. The overall efnciency of 
the engine and propeller is 40% (1 knot = 1.6S9 ft. /sec.). Find 
the r esis tance to the motion of the steamer. Ans. 40,000 lbs. 

614. A sin gle-acting steam engine has a mean effective steam 

pressure of 66 Ibs./sq. in., a piston area of 50 sq. in., and a stroke 
of 15 in. It runs at 120 r.p.m. and has an efficiency of 90%. 
"What is its horse power? Ans. 13.5 H.P. 

615. To determine the power of a motor, 
a pulley A, 2S ~A in. diameter, is mounted on 
its shaft. A band of wooden blocks fits over 
the pulley. Its right end BO is held by a 
spring scale Q: and a load P = 2 lbs. is fixed 
to the left end DE. At 120 r.pm. the spring 
scale shows a tension of 10 lbs. TThat- horse 
power is the motor developing? 

Ans. 0.22 H.P. 
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616 A dynamometer used to 
measure the power of motors con- 
sists of a band ACDB passing over a 
pulley E on the motor shaft and at- 
tached to the lever BF, which rests 
on a support at 0 By adjusting the 
support the band tension can be 
varied The Ie\er BF is kept hon 
zontal by means of the weight P at 
F "When the motor is running at 


240 r p m , P *= 6 lbs and its distance from 0 is l = 22 in Find 


the horse power being dei eloped by the motor A ns 0 SO H P 



617 A belt transmits 20 H P to the 
pulley A, which is 40 in in diameter and is 
running at 150 rpm The tension T m the 
tight side of the belt is twice the tension t 
in the slack side Fwdthe\aluesof Tand t 
Ans T = S40 lbs , t = 420 lbs 



618 A cohd block of masonry with the 
dimensions shown in the sketch weighs P - S000 
lbs Find the work done in tipping the block 
o\ cr the edge D Ans 24,000 ft lbs 



619 It is desired to design a package 
chute as shown here A package is placed 
in a practically fnctionless circular guide at 
C and allowed to slide due to the action of 
gravity It is projected into space as it 
lea\es the guide at B, jumping a horizontal 
distance of 20 ft before striking a ramp at 
A U^e the principle of work and energy 
to determine the \elocity of the package 
when it leaves the guide Find the \er- 


tical distance y to A, where the package will strike the ramp 


Determine what the angle of inclination of AE must be in order 
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that it may be tangent to the path of the center of gravity of t&e 
package at the instant it touches the ramp. 

Ans. v = 16.S ft. /sec.: y = 22.7 ft.; 6 = 66 c 15'. 

620. A train wei gh ing 2.000,000 lbs. approaches a station 
which is on a 0.4% grade. At a distance of 1500 ft. from the 
station the engineer applies the brakes. At the time the brakes 
are applied, the train is running at a speed of 36 ft. per sec. up 
the grade. The frictional resisting force of the train is 4000 lbs. 
Find the additional braking friction force necessary to stop the 
train at the station. 


Tee change £ in kinetic energy of the train is equal to the work TT done 
by sE forces acting on the train (§ IIP). 


E = 
TT = 


2 X 10* 
2 X 3222 


(0 - 3ff); 


- 2 X 10 ; X 0.004 X 1500 - 4000 X 1500 - F X 1500, 


where F is the additional braking friction force. Equating E and IT, we 
2nd F = 1JLS00 Fos. 


621. A train weighing 500,000 lbs. runs on a horizontal track 

with an acceleration of 0.644 ft ./sec. 2 . The frictional resistance 
of the train is 1% of its weight. At a certain time the train has 
a speed of 4S.56 ft. per sec. Find the horse power being de- 
veloped. by the locomotive 10 sec. later. Ans. 1500 H.P. 

622. A ram is used to pack down earth. It weighs 120 lbs., 
has a cross-sectional area of 12 sa. in. and falls through a height 
of 30 in. At the last blow the ram sinks in. into the ground. 
Assuming that the resisting force of the ground remains constant 
during the penetration of the ram and that it can hold any load 
not exceeding the value of this force, find the maximum load 
under which the ground will not settle. Ans. 600 lbs./sq. in. 

623. A s mall box-car weighing 12,000 lbs. offers a frictional 
r esis tance to motion of 30 lbs. A workman exerting a push of 
50 lbs. starts the car moving over a straight horizontal track. 
He pushes it 60 ft. and then lets it go. Neglecting air resistance, 
find the highest speed r -— attained by the box-car and the total 
distance s which the car moves before stopping. 

Ans. r-.~ = 2.54 ft./sec.; s = 100 ft. 
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624 The hammer M of an impact testing machine 
is attached to the end of a light rod OM, 3 22 ft long, 
which is pivoted at 0 The hammer leaves the point 
A with a negligibly small velocity Neglecting the 
weight of the rod and the small pivot friction and 
considering the hammer M as a mass point, find the 
velocity v with which it passes through the lowest 
point B A ns v = 20 4 ft /sec 


625 A weight p carrying a washer p i is suspended on a string 
which passes over a pulley and is attached to a block A The 
weight of the block is Q Under 
the action of the weights p and pt 
the block begins to slide across the 
rough horizontal table BC After 
dropping a distance Si the weight 
p passes through a nng D which 
catches the washer pi After dropping a further distance s 2 tho 
weight p comes to rest Neglecting the effects of the weight of 
the string and of the pulley friction, find the coefficient of friction 
/ between the block and the table Take Q — 1 G lbs , p = 02 
lbs , pi = 0 2 lbs , = 20 in , s a = 12 in Ans f = 0 2 



626 At a given instant, the 
body A has a downw ard \ elocity 
of 20 ft per sec parallel to the 
plane (a) How far will A mov e 
before stopping? (6) What is 
the tension in the cord BC ? (c) 
At the initial instant, what power 
is dev eloped by all the forces acting on body B1 Use the prin- 
ciple of work and kinetic energy 



Solution 

The work done by all the forces acting on bodies A, B, and C is equal to 
the change m kinetic energy for the system {§ 119a) 

If the body A mo%es a distance s the body C turns through an angle */3 
and B mo\ es a distance 56* The work done is given by the equations 


TT X - 225 4 Bin 30° X« -15 Xi - 07 7« 

ITb 114 X H» ~ 341 X - - 303 a 


Total Work - -205 3 a 
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Tee change in kinetic energy is: 

AZEjl = | X — j (0 - 20 s ) = - 1400 

AKEc = 5 X X2^-(0-f) = _ 450 

ARTa = I X £ X (° g - 4 ) = - 1333 


Total change in aE = — 31 S3 ft. lbs. 
— 205.3s = — 31 S3, s = 15.5 fl. 



Considering the work cone by all forces acting on body B alone and the 
change in KE of B. we End 

(7- - 114 - 341) -a X 15.5 = - 1333. T- = S28 Vos. 

627. At a given instant, the body A has a velocity of S ft./sec. 
np the plane. Use the principle of work and kinetic energy to 
determine how far the body A will move before its velocity is 



reduced to 5 ft./sec. Use the same principle to find the tension 
in the cord Q during this time. Ans. s = 8.4 ft. ; T - 244 lbs. 

628. The deflection x of a spring is proportional to the pull 
exerted on it. the constant of proportionality being 2000 lbs. per 
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inch. Give the potential energy of the spring as a function 
of x. Ans. V lOOOx* in. lbs. 


gS22ggg2gg25| 629. The spring of a spring-gun has a free 
1 length of 8 in. The spring characteristic is 

1 lb. per in. The spring is compressed to a length of 4 in. and 
a ball weighing 1 ounce is put in the barrel of the gun against 
the compressed spring. Find the velocity v with which the ball 
will leave the gun. A ns. v = 2G.2 ft./scc. 


630. The static deflection of a beam loaded in the middle by 
a weight Q — 4000 lbs. is 0.0S in. Find the maximum deflection 
of the beam when the weight Q is placed just above the middle 
of the undeflected beam and released. Find the maximum deflec- 
tion when the weight Q is dropped on the middle of the beam 
from a height of 4 in. Arw. (1) x = 0.10 in.; (2) x « 0.8S4 in. 



631. A box-car weighing 32,000 lbs. runs 
into a spring buffer at the end of a siding 
with a velocity of 3 ft./scc. The character- 
istic of the buffer spring is 25,000 lbs. per 
inch. Find the maximum compression of 
the spring after the impact. 

Ans. x = 2.07 in. 


632. Two unstrained springs AC and BC attached to the 
points A and B lie along the horizontal line AX. The two free 
ends of the springs arc attached 
• to the body C, which weighs 3.22 
|?j — -j.; ^ lbs. The spring characteristics 

are 10 lbs. per in. for AC and 
20 lbs. per in. for CB. AC — BC 
«= 4 in. The body is given a 
blow which imparts to it a velocity t’ 0 *= 6 ft./scc. It moves in 
such a way that it subsequently goes through the point D located 
at Xo *= 3.2 in., y 0 = 0.8 in. A is the origin of the coordinate 
system as shown in the sketch. Find the velocity of the body 
as it passes through D. Arw. v* *= 4.38 ft. per see. 
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633. Two equal weights If, p lbs. each, are 
suspended on a rope passing over two very 
small pulleys A and B. AB = 21. At the 
point C, half way between A and B, a load Mi 
is suspended. It weighs pi lbs. The weight 
Mx is dropped without initial velocity. Find 
the ma x i mu m distance h which the weight Mi will fall. 

Ana. h = -M"L . 

4p= - pr 

634. A wheel and drum rigidly fas- 
tened together have a total weight of 
644 lbs. Their radius of gyration with 
respect to the axis through the centroid 
0 perpendicular to the plane of motion 
is 14.4 in. The wheel rolls without 
slipping and, as it rolls, a cable is un- 
wound from the drum and passes over 
the pulley C. The pulley has a weight 
of 96.6 lbs. and a radius of gyration of 1.5 ft. A weight B of 4S3 
lbs. is attached to the lower end of the cable. Calculate the veloc- 
ity of the center of the wheel at the instant when the weight B has 
descended 15 ft., starting from rest. Use the principle of work 
and energy. Ans. v = 10.6 ft. per sec. 



635. The motor C is geared to the drum B which draws the 
weight E over a smooth plane, and raises the weight A, by means 

of a cord passing over a fixed pulley 
D. The axle of drum B is 4 inches 
in diameter and the friction on it is 
200 lbs. Neglect the mass of D 
and its axle friction, as well as the 
kinetic energy of the rotating parts 
of the motor. Use the principles of 
ssoc.rZj work and energy to find the dis- 
tance which A will be moved, start- 
ing from rest, before it acquires a velocity of 10 ft./sec., if the 
torque of the motor is constantly 412 pound-feet. Determine 
the ang ular velocity of the motor shaft when it is exerting a 
torque of 412 lbs.-ft. and is delivering 20 H.P. 

Alia. (1) y = 19.7 ft.; (2) 26.7 rad. per sec. 
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636 Find the ratio of the height h of a solid circular cylinder 
to its radius R , for which the kinetic energy about any axis 
through its center of gravity will be the same with the same 
angular \clocity Ans hfR — V3 


637. A solid cylmder of weight 0 and radius r rests on a 
horizontal shelf, AB It is gnen a negligible initial velocity and 
rolls o\er the sharp edge B without shding At 
the instant the cylinder leai es the shelf the piano 
through the axis of the cy Under and the edge of the 
shelf forms an angle CBCi = a with the \ertical 
Find the angular \elocity w of the cy Under after 
it lea\ es the shelf, and the angle a Neglect tho 
effects of rolling friction and of air resistance 

a = 2^ , a = 55” 10’ 



638 The rotating part of a turbogenerator weighs 240,000 lbs 
and its radius of gyration is 20 m The rotor runs at 1800 r p m , 
and the steam dcii clops 40,000 H P Due to a short circuit on 
the line, the circuit breaker opens, and the resistance to the 
rotor’s rotation is thus suddenly remo\ ed The go\ emor clones 
the mlet \ ahe in 2 5 seconds Assuming that until that instant 
the steam exerts the same pressure on the turbine blades, what 
is the speed of the rotor at the instant of \ ah e closure? 

Ans 1940 rpm 

639 A turning moment of 3000 ft -lbs acts on a flywheel 

which weighs 16,100 lbs and has a radius of gyration of 3 ft 
The flywheel starts from rest How long will it take to reach a 
speed of 120 rpm? How much work is expended in bringing 
it to this speed? Ans 18 S sec , 355,000 ft lbs 

640 A stone parallelopipcd 12 ft long, G ft wide, and 4 ft 

thick, weighing 322 lbs per cu ft , rotates about an axis winch 
passes through one of its diagonals It starts from rest and 
reaches an angular \elocity of u = 7 rad per sec Find tho 
work expended Ans 4S3,000 ft lbs. 
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Of* 641. A rod OA of length l = 10.73 ft. is hinged at its 
! upper end 0 and hangs vertically when at rest. It is 

| struck a transverse blow and rotates through an angle of 

S 90°. Find the initial velocity given to end A. 

--ij. Ans. Vj_ — 32.2 ft./sec. 


642. A shell 4 in. in diameter, weighing 36 lbs., travels with a 
velocity of 1500 ft. per sec. and at the same time rotates about- its 
axis at a speed of 100 revolutions per sec. Considering the shell 
as a uniform cylindrical body, find its kinetic energy. 

Ans. E = 1,261,000 ft.-lbs. 

643. A shaft of 4 in. diameter coasts down from 60 r.p.m. 
The coefficient of friction in the journals is 0.05. How man y 
revolutions will it make before it comes to rest? 

Ans. n — 0.16 rev. 


644. A shaft of 4 in. diameter weighing 1000 lbs. has a fly- 
wheel mounted on it which is 6 ft. in diameter and weighs 6000 
lbs. The shaft is rotating at a speed of 60 r.p.m. when the 
driving power is shut off. The coeScient of friction in the bear- 
ings is 0.05. How many revolutions will the shaft make before it- 
comes to rest? 

Xoxz: The weight of the fivwheel can be assumed to be concentrated in 
the rim. 

Ans. n = 90.5 rev. 


vny i 


645. A roller 4 ft. in diameter and weighing 
1120 lbs. is pushed by a man exerting a constant- 
force P along the line OA. The handle OA is 
5 ft. long; the hand-grip at A is 4 ft. above the 
g 00r> The man starts the roller from rest and 
brings it to a velocity of 4 ft. per sec., having moved it a distance 
of 7 ft. Neglecting the effects of friction, find the force P. 

Ans. P = 65 lbs. 


646. Water enters a hydraulic turbine with a velocity of 12 ft. 
ner sec. and leaves it at a velocity of 3 ft. per sec. The difference 
in level between inlet and outlet is 4J4 ft. 600 lbs. of water flows 
through the turbine each second. The efficiency of the turbine 
is 65%. Find the power output of the turbine. 


Ans. 4.68 HJP. 
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647 The speed torque cun c of a certain 
h} drnuhe turbine is a straight line AB, as 
shown in the sketch Find the power P of 
the turbine as a function of the speed Gi\ e 
its maximum a alue 

Ans P = 0 000213n(400 -n)EP, 
= 8 57 H P 


648 A train is running at a uniform speed of 3G miles per 

hour on a straight and lea el track To increase the speed of the 
train, the engineer opens the throttle, increasing the drawbar 
pull of the locomotive 25% The frictional resistance of the 
train is 1/200 of its weight and it is independent of the speed 
How many miles will the tram run before its speed is increased 
to 45 miles per hour? Ans 3 7 mi 

649 Two particles are charged with positia e electricity The 
charge on the first particle is qi *= 100 absolute electrostatic units 
(C G S ) and the charge on the second is g t = 0 lgi The first 
particle is fixed and the second particle is moving away from tho 
first under the action of the repulsive force F - giqt/r 3 dynes, 
where r is the distance in cm between the particles At tune 
t = 0, r = 5 cm and the aclocit} of the moving particle is zero 
The mass of the moving particle is 1 gram Find the maximum 
aelocity which the moving particle can attain 

Ans Vou «= 20 cm per sec , at r = infinity 

650 The gravitational force at any point inside the earth is 

proportional to the distance r from the center of the earth 
and is directed toward the center The diameter of the earth is 
41 85 X 10* ft and the acceleration of gravity at the surface is 
32 2 ft /sec* Assume that a diametral shaft could be drilled 
through the earth 11 a bod} were dropped into the s’nait at the 
surface of the earth, what aelocity would it ha\e when it passed 
through the center of the earth? Ans 4 91 mi /see 

651 A bodj is projected aertically upward from the surface 
of the earth The force of gravity acting on it is m\ erscl} pro- 
portional to the square of the distance to the center of the earth 
The radius of the earth is 20 92 X 10* ft and the acceleration of 
gravity is 32 2 ft /see * at the surface of the earth Neglecting 
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the effects of air resistance, find the initial velocity of the body 
if it reaches a height equal to the radius of the earth. 


Solution: 

The body, whose ■weight is P, moves under the action of a downward force 
F = P(R=/t-), where x is the distance of the body from the center and R is 
the radius of the earth. 

At the highest point, the velocity of the body is zero; the c han ge in kinetic 
energy of the body is equal to the work done on the body (§ 118); hence 


1 P 



(— F)dx 



PR 
2 * 


where r a is the initial velocity of the body. 

r 0 = VpB = £6,000 ft.fscc., (= 4.91 mi./sec.). 


652. A shell is shot from the earth in the direction of the 
moon. It- reaches the point where the attractive forces of the 
moon and the earth are equal and remains there. Neglecting 
the influence of the motion of the earth and that of the moon, 
find the initial velocity r 0 of the shell. The radius of the earth is 
B — 4000 mi.: the distance between the centers of the earth 
and the moon is d = 60/?. The ratio of the masses of the moon 
and the earth is 1 : SO. The acceleration of gravity is 32.2 ft. /sec. 2 
at the surface of the earth. Ans. 6.9 mi./sec. 


653. A 2-lb. weight is suspended on a string 20 in. long, the 
other end of which is fixed. The pendulum is displaced an angle 
of 60° from its vertical position and the weight is given a velocity 
t' 0 = SO in. per sec. The velocity r 0 is in the vertical plane; it is 
normal to the string and is directed downward. Find the tension 
in the string when the weight passes through its lowest- position. 
Find the elevation above this point that- the weight will reach. 

Ans. 5.66 lbs.; the elevation is 1S.3 in. 

654. In the previous problem, find the value of the initial 

velocity r 0 for which the weight will travel around the whole 
circle. Ans. r 0 = 152 in./sec. 



655. The car of a loop-the-loop weighs 
p lbs. It gathers momentum by running 
down the inclined track AB and then it 
runs around the inside of the circular loop 
CB of radius a ft. Find the height h from 
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which it is necessary to start the car in order that it can run 
around the loop without leaving the rads Tind the force N 
against the rails at At, where angle MOB = <f> 

An$ N — p — 2 + 3 cos 

656 An electnc motor M is used to 
lift a stone weighing 2 tons when sub- 
merged in water, from a depth of 120 
ft , and it is found that the \elocity at 
which the stone emerges from the sur- 
face is 20 ft /sec The resistance of- 
fered by the water to the motion of tho 
stone is constant and is 20 per cent of 
its weight in water The force exerted 
by friction upon the axle of the hoisting 
drum is 400 lbs Tind the constant torque exerted by the motor, 
the power output in H P of the motor when the block reaches tho 
surface, and the difference in belt tensions on the two sides of tho 
motor pulley 

Ans T « 2605 lbs -f t , H P = 189 5, P, - P, = 7815 lbs 

IMPULSE AND MOMENTUM 
26 Impulse and Momentum 

657. A body weighing 3 lbs mo\ed to the left with a \clocity 
15 ft per sec A force, directed to the right, was applied to it for 
30 sec , after which the velocity of the body was 1G5 ft per sec 
to the right Tind the force and the w orh done by it 
Solution 

The impulse imparted to the body toward the right equals the change in 
momentum in that direction (5 122), hence 

F X 30 - [ICo - ( - 15)3 F-omlb 

TJomg tho principle of work and kinetic energy (§ 119a), we sec that tho dis 
tance tra\ cled 13 given by the equation 

0 50X» - ' x—itSsS 1 - IF), 1 - 
The work done is IT *= 0 56 X 2240 ** 1257 ft lbs. 



22 10 St. 
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658. Tie flywheel A has a radius i? = 20 in. 
In order to find its moment of inertia I about 
the axis of rotation, a block B weighing pi — 16.1 
lbs. is attached to the free end of a thin wire 
which is wound around the rim. When B is 
released, it falls a distance h = 6 ft. in 5\ = 16 
sec. To eliminate the effects of bearing friction, 
a second block weighing p 2 = S.Oo lbs. is used. 
This block falls 6 ft. in T z = 25 sec. Ass ume 
that the moment of friction was constant an d 
the same in each experiment . Find the moment 
of inertia J. Ana. 9600 in. lb. sec. 2 



659. Water enters a fixed vertical channel with 
a velocity r 0 = 6 fi./sec. at an angle a c = 90° to 
the horizontal. The area of the channel entrance 
is 0.2 sq. ft. The exit angle is at = 3Q = to the 
horizontal and the exit velocity i*i = 12 ft./sec. 
Find the horizontal force exerted by the water 


against the wall of the channel. 


Ans. 24.1 lbs. 


660. An airplane weighing p lbs. lifts itself by driving down- 
ward a column of air having a cross section of a sq. ft. The air 
weighs g lbs. per cu. ft. With what velocity should this column 
move downward to hold up the airplane? What engine power is 
needed to do this? 


Ans. v = ft./sec.: P = — 

\oa 1100 \oa 



661. A rope passes over a pulley of negligible weight. 
Two men A and B of equal weight hang on to the free 
ends of the rope. A climbs up his rope with a velocity 
a. What happens to B if he continues to hold on to his 


end of the rone? 


Ans. T s = ^upward. 


662. A machine for studying bearing friction consists of a 
flywheel mounted on a j oumal shaft . The flywheel has a moment- 
of inertia I. It is brought up to an angular velocity c? 0 and then 
permitted to coast down. It stops at the end of T seconds. 
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Find the frictional moment, assuming that it remains constant 
throughout the motion. ^ = Iu Q 


663. A round horizontal turn-table rotates without friction 
around a vertical axis through its center. A man whose weight 
is p walks around a circumferential path of radius r. The weight 
P of the turn-table is uniformly distributed over the disc, the 
radius of which is R. At the start, both the man and the turn- 
table were at rest. The man walks around the turn-table with a 
relative velocity u. Find the angular velocity of the plate caused 
by the man’s motion. . 2pru 

Ans - “ - m+ 2& - 

664. A weight M is attached to the end of 
an inelastic string MO A. A part OA of the 
string passes through a vertical pipe. The 
weight rotates about the axis of the pipe in a 
circular path of radius CM *= R at a speed of 
120 r.p.m. The string is drawn slowly into 
the pipe until the rotating length is shortened 
to OMi. The ball is then rotating at a distance M\Ci = Rf2 
from the axis of the pipe. Find the speed of rotation in the new 
position and the increase of the kinetic energy of the ball. 

Ans. wj = 4w 0 = 480 r.p.m. The kinetic energy is increased 
fourfold. 




665. This drum weighs 384 lbs. and has 
a radius of gyration of 21 inches. The 
radius of tho axle is 3 inches and the friction 
force upon it amounts to 200 lbs. (a) At a 
given instant, the drum, is rotating clockwise 
with a speed of GO revolutions per minute. 
Use the principle of Impulse and Momen- 
tum to determine the time elapsed while tho 
speed of the drum is changing from 60 r.p.m. 
to zero. (6) What is the tension in each 
cord before the system stops? 

Ans. (a) t - 1.10 sec.; (6) T A “ 4S0 lbs.; 

T b = 645 lbs. 
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666. At a given instant, the down- 
vrard velocity of body C is 10 ft./sec. 
Take the coefficient of friction at D 
as / = 3/5, and assume a 60-lb. axle 
friction force vritb an axle vrbose 
diameter is 4 in. Use the principle of 
Impulse and Momentum to deter- 
mine the force P which must be 
applied to the brake to bring C to 
rest in Yz second. 

Ans. P = 603 lbs. 


TT= 12S-S lb. 



667. At a given instant, a body 
A has a velocity downward of 12 ft. 
per second. Cord BC is parallel 
to the 30° plane, and C rolls with- 
out slipping. Using the principle 
of Impulse and Momentum, find 
the time elapsed while the velocity 


of A changes from 12 to 4 ft./sec. downward. 


Solution: 

The elapsed time is computed, by use of the principle of Impulse and 
Momentum for body 4 (§ 12Sa), body B (§ 126a), and body C (§ 127). 


193.2 tb. 



if tbs velocity of 4. is r, the angular velocity of B is r/3, the angular velocity 


2.-/9, and the velocity of the center of C is 4r/9. 


For 4.- 

(32.2 - Tt)M = (4 - 12) 

= -s. 


For B: 

(3F; - 2 TJAt = — | (2.5)- ( 

'4 12 \ 
3 3 / 

= - 66.7, 

For C: 

(Ji - F 1 - 96.6)Af = ( 

16 4S\ 

9 9 / 

= - 21.3, 

For C: 

(Tx-f 2F,)4{ = (1.414)- 

(S 24' 
V9 9 , 

) = - 21.3. 
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Rearranging the above equations we have 

(Ti - 2 Fi)At = - 21 3, 

(27, + 2F , ~ 103 2)A( ~ - 42 6, 

(4 57, - 3 T,)A< = - 100 0, 

(145 - 4 5T t )Al ^ - 36 0 

Adding we find — 48 2Af « — 199 9, At 


4 IS seconds 



668 At a giv cn instant, a body 
C has a v elocity of 5 ft per second 
downward Using the principle 
of Impulse and Momentum, find 
the v elocity of C two seconds later 
Ans v = 1 27 ft per sec 


669 A uniform thin rod 6 ft in length weighs 10 1 lbs The 
rod rotates in a \ crtical plane about a fixed axis at a point A 
The rod has a counterclockwise angular velocity of 
1 r p m At the instant when the rod is in a vertical 
position, a bullet weighing 0 01 lb is shot horizontally 
into the rod, towards the left, with a velocity of 
2000 ft per sec The bullet enters the rod at a point 
C, one ft from the lower end and remains embedded 
in it (a) Calculate the subsequent angular velocity 
of the body (6) Determine whether the rod will 
make a full revolution, and if not, calculate the 
maximum angle through which it will swing 

Ans (a) 0 G rad per sec , (6) 11° 25' 


'h. 

l 

v - 


670 Two meteorites Jlf i and M t 
revolve on the same elliptical orbit, 
which has the sun S as one of its 
foci The distance between tho 
meteorites is small and the arc 
AfiAf* can be considered a straight lme AfiAfj has the length 
a when its middle is at the perihelion P The areas swept out 
b> the radius vectors are equal Find the distance between Mi 
and Aft when the midpoint between them is m the aphelion A 


Let SP — Ri and SA *= J2j 


Am Mi M, = 
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1 2 T 

earth is Am » - Q 4(x) X = ( 86 ~ 400 j « rad ^ cec ' aQ d radius of 

the earth being P and ff the change in the angular momentum of the train 
is puR/g (§ 124}, and the change in the angular momentum of the earth is 
(5 127a) /Am = (2/5 )(P/g)R t Au I is the moment of inertia of the earth 
about its axis of rotation The two changes in angular momentum are equal 
and opposite to each other puRfg = (2/o)(PR*fg)±i, u «= (2/o)(P/p)RAu 
= S 7 X 10“ mi Isee 

676 How much would the length T of the daj change if 
cosmic dust falling on the earth were to cover the globe with a 
thin uniform lajer weighing m = 297 X 10 14 lbs Data on the 
earth’s size and weight are git en in the preceding problem 

Ans AT = 0 00039 sec 


677 A horizontal rod AB of length 2 L = 75 in and weighing 
Q — 5 lbs is supported m. the middle bj a pivot Two balls M x 
and M t , each weighing P = 12 5 lbs , 
- t „ can slide on the rod Thev are placed 

symmetrically with respect to the 
piv ot and the distance between them 
is 2Zi = 30 in Two identical springs 
■ are fixed at the ends of the rod and at 

the inner ends thej are attached to the 
two balls The balls are held in position bj means of a string 
tied between them The rod AB is «et spinning in the horizontal 
plane at a speed of r»i = G4 r p m The string holding the balls 
is burnt and after several oscillations the balls come to rest in 


their new position 2l t — 45 in apart Neglecting the effects of 
the spring masses, find the speed n t with which the rod rotates 
with the balls in their new position Ans n t = 34 r p m 


678 A drum of radius r is rotated around its axis AB by 
means of a weight M suspended on a rope which is w ound around 



the drum In order to reach a constant velocity in 
a «hort time, the drum is equipped with n identical 
fan blades S One blade offers a resistance to mo- 
tion equivalent to a force acting at a distance R 
from AB and proportional to the B quarc of the 
angular velocity of the drum The coefficient of 
proportionality is / AT weighs q lbs , the moment 
of inertia of the rotating parts is 1 The weight of 


the rope can be neglected Find the angular \ elocity of the drum 
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as a function of time, assuming that it starts from rest. Show 
that the velocity approaches a constant value as t increases. 


Ans. 


a 



where 


I -r (olg)r 1 

679. A top spins about its avis OA in a 
clockwise direction at a high angular velocity 
a. The axis OA is inclined to the vertical 
and the point of the top 0 stays in one posi- 
tion. The weight of the top is Q and its 
center of gravity is on the axis at a distance 
OC = a from the point 0. The moment of inertia around the 
axis is I. At a high value of angular velocity a, the moment of 
momentum of the top can be assumed to be equal to la with its 
vector directed along OA. Describe the motion of the axis OA. 
Ans. The top rotates around the OZ axis with an angular veloc- 
ity cji = Qaftla), clockwise. 



27. Motion of the Center of Gravity. 


680. A prism B resfs on a prism 
A which lies on a horizontal table, as 
shown in the sketch. The cross-sec- 
tions of the prisms are similar right 
triangles. The prism A weighs three 
times as much as the prism B. The prisms and the table are 
ideally smooth. B slides down A until it touches the table. Find 
the distance through which the prism A moves during this action. 



Solution: 

Only vertical forces act on the system; the center of gravity of A and B 
remains therefore on the same vertical line (§ 132). While B slides to the 
right, A moves to the left. The horizontal displacement of B being xs and 
that of A being xj., we find x B A x.j = a — b. Since the center of gravity 
does not move horizontally, we have xb = Sz±. Therefore xa = (a — &)/•£• 


681. A thick plate ABC, shaped like an isosceles 
right triangle with an hypothenuse AB = 12 in., 
is placed with the comer A on a smooth horizontal 
plane. AB is vertical. The plate is released and 
falls in the xy plane, under the action of gravity. 
Find the path of the point M which is the middle 
of the side BC. Ans. g(x — 2) : + r = 90, an arc of an ellipse. 
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682 A man sits in the stern of a boat floating without motion 
on a lake He rises and walks to the stem The length of the 
boat is l, its weight is tni The weight of the man is m, Neg 
lectrng the resistance of the water, find the distance s which the 
boat mo\es while the man walks from the stem to the stem 
Imd the ratio between the absolute velocit} i of the boat and the 
relative velocity u of the man during the motion 

Am s = lx—^—, i = — HS_. 

Till + tflj U JUi + Wj 

683 A man weighing p lbs jumps with an initial velocit} t 0 , 
directed at an angle a tothe horizontal He holds in his hands 
a weight q which he throws horizontal!} backward with a relative 
velocit} u at the instant he reaches his highest altitude Find 
the v elocity t of the man just after he has thrown the weight p, and 
find the length s of his jump 

Ans v = to cos a + uqfp, s - • 0 sin a ( 2t 0 cos a -f ~ \ 

9 \ V J 

684 A steamer weighing 400 000 lbs mo\ cs with an av crage 
speed of 30 ft /sec The thrust of the paddle wheels always 
equals the water resistance The piston of the steamer’s 
horizontal engine weighs 200 lbs , has a stroke of 3 ft , and makes 
240 strokes per mm nte The piston has simple harmonic motion 
Find the \ elocit} v of the steamer as a function of time 

Ana i’ = (30 + 0 0094 cos 4rt) ft per sec 

685 A tram weighing 400 000 lbs rolls on to a ferr} boat at a 

speed of 12 mi /hr The brakes are applied and the train comes to 
rest after traveling 75 ft Find the tension T in each of the two 
cables which moor the ferry boat to the dock Neglect the effects 
of vertical displacements A ns T = 12,800 lbs 


686 A boat weighing pi moves with a velocit} 1 1 A weight 
p is thrown from the stem in the direction opposite to the motion 
of the boat with a relative horizontal velocit} u At the instant 
the weight is thrown, the oarsmen stop rowing The water re- 
sistance, proportional to the square of the boat’s velocit}, is h s 
In what interval of time fi will the boat be back to its original 


velocity ri? 
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28. Bearing Reactions. 

687. A flywheel 6 ft. in diameter and wei ghin g 6000 lbs. has 
its center of gravity 0.040 in. from the axis of rotation. Find the 
bearing reactions when the flywheel is rotating at a speed of 
1200 r.p.m. 



688. A rod AB of length 2? carrying on its 
ends two loads A and B, each weighing p lbs., ro- 
tates around a vertical axis OY with a uniform 
angular velocity a. OZ passes through the middle 
0 of the rod AB. OC = a and OD = 6. The 
angle between OY and OB is a. Find the reac- 
tions at the bearing C and the pivot D when the 
rod is in the plane XOY. Neglect the effects of 
the rod weight and the load dimensions. 


Solution: 

The bearing reactions can be determined by considering the effective 
force system as shown in the free body diagram in (a) (§§ 133, 134a). The 
effective force system in (a) must be equivalent to the force system in (b): 


4W 


X c 


(p/p)2 sin oar • 22 cos a = Xc (a -r 5), 


■pFar sin 2a 
g(a -f b ) ’ 


Xn = Xc, 


Y d = Sp. 


This probl em can also be solved by determining the resultant effective 
force system, or by considering the inertia force system. 



(a) (b) 

689. The sprocket axle of a bicycle carries on its ends two 
rigidly fixed identical cranks AC and BD of length l and weight Q 
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Ans. 


extending in opposite directions. The mass of each 
crank may be considered as uniformly distributed 
along its length. The length of the axle is 2a and 
its weight is P. It rotates with a constant angular 
velocity in the bearings E and F. The bearings are 
located symmetrically and the distance between 
them is 26. Find the reactions and jVV at the 
bearings at the instant the crank AC is directed 
vertically upward. 

K = Q + %--%£»’, f, = q + f 


1 

" 2 " r 2bg 





690. This flywheel rotates in a hori- 
zontal plane about the vertical axis BC, 
the mass center being 2 inches away from 
the axis. The axle is supported in bearings 
at B and C. The flywheel weighs 044 lbs. 
Find the bearing reactions for the position 
shown, when a = 8 rad./scc. 5 (clockwise 
when looking down), and u *= 180 r.p.m. 

Ans. C, = 1003 lbs.; C. « - 18 lbs.; 

B, - 1791bs.;Z?„ « 044 lbs.; 

B t = - 9 lbs. 


691. A body weighing 04.4 lbs. rotates about a horizontal axis 
AB. The perpendicular distance from the center of gravity C 
to the axis is 6 inches. The figure 
represents the plane of symmetry of 
the body with mass center at C. The 
axis rests in bearings at A and B, and 
a coupie is applied to the axis at A? of 
such magnitude that A v and B v , the 
vertical components of the axle reac- 
tions, equal zero when CO is horizontal. “What is the angular ac- 
celeration of the body when CO is horizontal? If the angular 
velocity is 6 rad./scc. at this instant, what arc the magnitudes and 



senses of A, and B,? 

Ans . a *= 04.4 rad. per sec. 5 ; A, *= — 24 lbs.; B, ~ 12 lbs. 
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<392. OG is the horizontal plane of sy mm etry of a body 
which is fastened to and rotates about the vertical axis AB. 
The center of gravity C of the body is 6" from the axis of rota- 
tion. The body weighs 192 lbs. and its moment of inertia with 
reference to the axis of rotation is 10 lb. ft. sec. 2 . The body is 



turned by a couple at M. Neglect the mass of M. Determine 
the angular acceleration of the rotating body. One half second 
after starting from the position of rest, the body occupies the posi- 
tion shown. What is the angular velocity at this instant? De- 
termine the x and z components of the reactions at A and B at 
this instant. 

Ans. a = 5 rad. per sec.; A- = 11 lbs.; B s = 19 lbs.; 

A- = — 6S lbs.; B z = — 7 lbs. 

693. A and B are the planes of s ymm etry of two bodies which 
are perpendicular to the axis of rotation. The system consisting 
of the bodies A and B rotates with the axis CD. The pulley at 
E has a radius of 1 foot. The total moment of inertia of the 



system is 50 lb. ft. sec. 2 Neglecting the masses of the shaft and 
pulle 3 r E, find the x and y components of the bearing reactions 
at- C and D, when the body is in the position shown and is rotat- 
ing with an angular velocity of 3 radians per second. 
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Solution: 

The inertia forces for the rotating system shown in (b), when added to the 
actual forces acting on the system shown in (a), produce a condition of equi- 
librium (§5 91a, 134a). 



The torque of all forces shown in (a) plus the torque shown in (b) equals 
zero: 

(250 - 50) X 1 - 200 X § - 50a - 0, a - 1 raii./scc.». 

For body A: Ufa’ - ~ X | X S' - 42 lbs., 

Ufa - |?r; X | X 1 - 4.7 lbs., 

For body B: Mfu> = p| X 1.5 X 3’ - 216 lbs., 

Ufa - ~ X 1.5 X 1 - 23.8 lbs. 

Additional equilibrium equations yield the reaction forces at C and D : 

23/0-, - 300 X 6 - 200 X 18 - 512 X 36 -f 60 Yd 

- 4.T X 1 S-f ZtS X - u; 

Y d ~ S10 lbs . 

ZF, - Ye + 210 + 300 - 200 - 512 - 4.7 + 215 - 0; 

Y c - - 8. 

2.\fe-, - CO X D 4- 42 X 18 + 23.8 X 3G - 0; 

Xd - - 2GJ> lbs . 

2F, - X c - 26.9 + 42 + 23.8 - 0; 

X c - - 38 J) lbs. 
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694. A and B are the horizontal planes of symmetry of two 
bodies which are fastened to and rotate with the vertical axis 
CD. A weighs 12S.S lbs. and its mass center is IS in. from 
the axis of rotation. B weighs 322 lbs. and its mass center is 9 in. 
from the axis. The moment of inertia for the rotating system 



with respect to the axis of rotation CD is 12.5 lbs. ft. sec.-. A 
torque is exerted by unequal forces on the 12-in. diameter pulley 
at E. If . for the position shown, the angular velocity is 3 radians 
per second, find the bearing reactions at C and D. {BII is in the 
xy plane and AL in the yz plane.) 

Ana. D- = — 190.0 lbs.; D z = — 60.0 lbs.; C = = — 66.5 lbs.; 
C z = - 23.8 lbs. 


695. B and C are the ver- 
tical planes of symmetry of two 
bodies which are fastened to 
and rotate about the horizontal 
axis AE. B weighs 12S.S lbs. 
and its mass center is 18 in. 
vertically above the axis AE. 
C weighs 257.6 lbs. and its mass 
center is 9 in. horizontally to the right of the ax is AE. The mo- 
ment of inertia about the axis of rotation is 265 lb. in. sec.-. The 
system is acted upon by the 109-lb. pull toward the right on the 
12-in. pulley at D. Neglecting the masses of the shaft AE and the 
pulley D. find the x and y components of the bearing reactions 
at A and E, when the body is in the position shown and is rotating 
with an angular velocity of 5 radians per second. 

Ans. A- = — 15.4 lbs.; A s = -f 44.S lbs.; E = = — 16S.6 
lbs.; E, = -f 125.6 lbs. 
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696. OC represents the plane of sym- 
metry of a body fastened to the inclined 
axle AB, which makes an angle of 00° 
with the horizontal and lies in the xy 
plane. A body Tr hangs on a cord which 
passes over the pulley Q and is wound 
around the rim of the pulley F, which 
is rigidly attached to the axle. The pull 
in P causes OC and its axle to rotate. If 


the moment of inertia of OC with respect to the axis of rotation is 
60 lb. in. sec.* and the speed of rotation when in the position 
shown is 30 r.p.m., what is the angular acceleration of 0(77 What 
is the pull in cord P ? What are the z and z components of the 
axle reaction at A and the x , y, and z components at B? 

Ans. A , = 678 lbs.; A v «= 0; A, = - 62.5 lbs.; 

B, « - 176 lbs.; B v = S3.7 lbs.; B. = - 20.3 lbs.; 

P = 473 lbs. 



697. This homogeneous block 
is rotating clockwise about the 
horizontal axis AB. The axle 
is supported in bearings at A and 
B. The block weighs G44 lbs. 
Find the components of the bear- 
ing reactions for the position 
shown when a — — 10 rad./scc.* 


(clockwise) and the speed of rotation is ISO r.p.m. 

Ans. A, = — 3130 lbs.; A , = 163 lbs.; U, *= - 6250 lbs.; 
B r = 217 lbs. 



698. A solid cylinder of length 21 and radius 
r and of weight P rotates at a constant angu- 
lar velocity o around a vertical axis OY which 
passes through the center of gravity of the 
cylinder. The angle between the axis of the 
cylinder and OY is a. The distance between 
the bearings IhH* = h. Find the lateral 
forces Nx and A T * on the bearings Hi and //*. 
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699. A turbine wheel CD is pressed onto an 
axle AB. Due to improper boring an angle 
AOE = a = 0.02 radian is formed between the 
true axis EF of the wheel and the axle AB. 
The wheel weighs 7.0S lbs.; its radius is 8 in. 
AO = 20 in.; BO — 12 in. AB is assumed to be absolutely rigid. 
Find the forces due to this misalignment acting on the bearings A 
and B when the wheel is rotating at a speed of 30,000 r.p.m. 

Ans. F±= - F b = 1S10 lbs. 




Atls. Ns 


700. A wheel of radius a, weighing 2 p, 
rotates around its horizontal axis AB with a 
constant angular velocity a i. The axis AB 
in turn rotates around a vertical axis CD 
through the center of the wheel 0 with a 
constant velocity o?;. AO = OB = h. The 
directions of rotation are indicated by ar- 
rows. Find the forces Ns and N B on the 
bearings A and B. 

, a-03iuz\ -, r ( - 


701. The device described in Problem 700 
carries on its horizontal axis AB a rod CD with a 
ball on each end instead of the wheel. The 
weight of each ball is Q. OC = OD = a. The 
axis AB rotates in a horizontal plane with an 
angular velocity «i. CD rotates around AB with 
an angular velocity a> 2 . The directions are indi- 
cated by arrows. Find the horizontal and vertical components 
of the bearing reactions. Neglect the weight of the rods and 
consider the mass of each ball concentrated at its center. 

Ans. Y c = Q + oua-sp. + cos 2cc 2 tJ; 

Y b = Q — ~ -f cos 2a4~]; 

f^g 
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702 A v. eight Q 8000 lbs , is attached to the lower end of a 
steel cable The elastic properties of the cable are such that a 
pull of 8000 lbs stretches it 0 2 in Find the maximum load on 
the cable if the w eight Q is lifted just enough to make the tension m 
the cable zero, and is then dropped 


Solution 

(1) The cable tension in terms of the cable stretch x 13 given by T *=» 40 000 x 
lbs where x is in inches The total work done by the weight and the cable 
tension acting on Q as it moves from the initial position (i t = 0) to tho point 
of maximum cable 6tretch (p» « 0) is equal to zero (§ 119a) 

S000i - 40 ^ 0t ' , 0 x -04 m 


The maximum cable tension = 16 000 lbs 
(2) The equation of motion of weight Q is 


8000 dK r 
380 dl* 


= 8000 - 40 000-r 


Integrating this equation (§§ 130 130a) with 

^ = 0 and x = 0 wl en t ■=* 0, 


we find that the pos tion of Q is x — )i( 1 — cos V"J93UI) 
The maximum value of x is X 2 - 0 4 m 
The maximum cable tension = 16 000 lbs 


703 A spring AB fixed at one end requires a force of 
20 grams to stretch it 1 cm A weight C of 100 grams 
is attached to the free end of the spring without stretch- 
ing it, and it is then dropped Tind tho amplitude and 
frequency of the ensuing motion Neglect the effect of 
the weight of the spring 

Ans 5 cm , 2 23 cj clcs per sec 



704 A governor consists of two GO-lb 
weights A attached to the ends of two 
springs The weights are guided along 
the hnc MN and the springs are fixed at 
M and N The centers of gravity of the 
two weights arc located at the inner ends 
of the springs which are 2 in from O when 
the springs arc not compressed A force 
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of 100 lbs. will compress each spring 1 in. Find the natural 
frequency of oscillation of the weights A when the vertical gov- 
ernor spindle 0 is rotating uniformly at a speed of 120 r.p.m. 

Am. 3.51 cycles per sec. 

705. The springs of a car each carry a load of P lbs. They all 

deflect 2 in. under this load. The compression of each spring is 
proportional to the load on it. Find the frequency / of the ver- 
tical oscillation of the car. Am. f = 2.21 cycles per sec. 

706. A vertical rod, fixed at its lower end B, carries a weight 

Q — 6 lbs. attached to its upper end A. If the loaded end is dis- 
placed from its position of equilibrium and released, it will oscil- 
late. It is found by means of a spring balance that a horizontal 
force of 0.6 lb. applied at A will deflect that point 1 in. Find the 
natural frequency/ of horizontal oscillation of the weight Q when 
the motion is so small that the weight can be considered as moving 
in a straight line. Am. 1 cycle per second. 

707. An elastic thread fixed at one end carries a load weighing 
P oz. at its free end. If the loaded thread is stretched and re- 
leased, the load will oscillate. The elongation of the thread is 
proportional to the force producing it, and a force of g oz. will 
stretch it 1 in. The unstretched length of the thread is l. The 
thread is stretched to a length Xo and released. It starts to 
oscillate with an initial velocity of zero. Define the length x of 
the thread as a function of time. Find the range of magnitude 
of the initial length x 0 for which the thread will be in tension 
throughout the motion. 

Ans. x = l -f pig -f (r 0 — Z — pig) cos t;l < x 0 < l -f • 

708. Two pulleys of equal radii rotate in opposite directions. 
Their centers Ci and C 2 are on a horizontal line C\Ci. C\Ci — 21 
— 20 in. A rod laid on the pulleys is acted upon by frictional 



forces at the points of contact. These forces are proportional to 
the loads on the contact points. The coefficient of friction is /. 
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a 714. A pendulum consists of a round rod AB of 

•E— —F weight p, length I and radius r, and a coaxial weight 
CD of the same material of length ft and radius ri 
The axis of rotation EF is at a distance a from the 
upper end A of the rod The lower base D of the weight 
n is at a distance b from the lower end B of the rod 
Y d Assume p = 31bs,f = 24m,r = 04in,/ l = 4Sm; 
B ri = 0S in, a — b — 2 in. Find the frequency of 
small oscillations of this physical pendulum. 

Ans 0 7S cycles ^ec 

715 A pendulum consists of a rod AB and a ball C 
of radius r and weight p The center of the ball is on the 
center line of AB Neglecting the weight of the rod, 
deter min e the location of the suspended point 0 to ob- 
tain small oscillations having a desired period T. 

Am OC = ~(gr+ <g‘T* - 2a 6r‘r) 

716 A pendulum consists of two balls mounted on the ends 
of a rod The length of the rod is l The upper ball weighs p i 
and the lower weighs p. At what distance x from the lower ball 
Ehould the point of suspension be put to get the maximum fre- 
quency of oscillation? Neglect the weight of the rod and the 
dimensions of the balls. . x __ j rj- f 4~ Vpi A 

P ' \ Pi + P: ) 

717. A spring AB fixed at its upper end A has 
a plate D, weighing 100 grams, suspended on the free 
end The plate hangs between the poles of a 
magnet Any motion of the plate ts resisted by 
the action of eddy currents in the plate The re- 
sistance has the % alue c dynes, where 7= 0 0001 , 
4* is the magnetic flux between the poles of the mag- 
net, and r is the vclocitj of the plate in cm per «sec. 
The elastic properties of the spring are such that a force of 20 
grams will elongate it 1 cm. At time t = 0, the plate is raised 
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until the tension in the spring is zero, and is then dropped. Give 
the equation of motion of the plate when = 1000V5 maxwells. 

Ans. x = Lo - e-=- 5J (5 cos 13.Sf. 4- 0.91 sin 13. SOI cm. 

718. Find the motion of the plate D in the previous problem 
when the magnetic flux is # = 10,000 maxwells. 

An s. x = £5 — (o/4S)(49e -:t — e -55 -')! cm. 

719. To determine the resistance of water to the motion of 
ships at low velocities, a small model of a boat AT is placed in a 

tank and two identical springs A 
and B are attached to the stem 
and stem and to the ends of the 
tank. Any displacement of the 
model from its position of equilibrium is proportional to the force 
acting on it. The model is displaced from its position of equi- 
librium and it is noted that the resulting oscillations grow smaller 
in geometric proportion, the ratio between successive amplitudes 
being 0.9. This shows that the frictional resistance is propor- 
tional to the velocity. The frequency of oscillation is 322/336 
cycles per second. Find the frictional resistance in ounces per 
ounce of the model weight at a velocity of 1 in./sec. 

Ans. 0.00104 oz. per oz. 






720. Coulomb used the following method to 
determine the viscosity of liquids. A thin plate 
weighing P lbs. was suspended on a spring and 
made to oscillate first- in air and then in the liquid 
being tested. The periods of oscillation Ti and 
T 2 in both cases were observed. The frictional 
resistance in air was negligible. In the liquid it 
was eaual to 2Sfv, where 2 S was the total surface 
of the plate, / was the coefficient of viscosity and 


r was the velocity of the plate. Find / as a function of Ti and T -. 


Ans. f = 


2 -P 
gSTiT 2 



721. A body A weighing 1.2 lbs. lies on a rough surface and is 
attached to a fixed point B by means of a horizontal spring BC. 
The coefficient of friction on the surface is 0.2. A force of 1.5 
lbs. will stretch the spring 1 in. The body A is displaced 
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1 2 inches to the right, and is released 
How many swings will it male? What 
is the length of each swing? What is 
the duration of each swing? 

4 swings Length of the swings h — 2 OS in , L = 1 44 in , 
h — 0 80 m , U » 0 XC in The duration of each swing is 
0 143 sec 



722 In Problem 703, the weight C is replaced bj a 
magnetic rod weighing 100 grams The lower end of the 
rod extends into a solenoid through which alternating 
current is flowing The current t = 20 sin (2 jt IfT), where 
T — 025 sec The axial force exerted on the rod is 
F — lGn dynes At time t — 0, the rod is hanging m its 
position of static equilibrium and the current is switched 
on Find the forced oscillation of the magnet 

A ns x = — 0 023 sm St l cm 





723 In the previous problem, assume the mag- 
netic rod to weigh onlj 50 grams and that a plate 
weighing 50 grams is hung from it below the sole- 
noid The same force acts on the rod as in Problem 
722 The plate moving between the magnet poles 
gi\es rise to a braking force of k&v dynes, where 
4> = 1000 V5 maxwells, k = 0 0001 Tind the forced 
oscillation of the plate 

A ns x = — 0 022 sm (Sari + 0 91ir) cm 



724 A steam indicator consists of a cj lindcr A , and 
a piston B acting against a spring D and carrying a 
rod BC that operates a recording pencil The mo\ ing 
parts of the indicator weigh 2 lbs and it takes 7 5 lbs 
to compress the spring 1 in The area of the piston 
is 0 G sq in The steam pressure m lbs per sq in act- 
ing on the piston is p = GO + 45 sm T is the 



VIBRATION AND OSCILLATION 


249 


duration of one revolution of the engine shaf t. Find the ampli- 
tude of the pencil motion when the engine is running at ISO r.p.m. 

in?. 4.76 in. 

725. An electric motor is mounted on a platform 
which can move vertically between guides. The 
platform rests on a helical spring. The motor and 
platform weigh 65 lbs. A force of 151.5 lbs. will 
compress the spring 1 in. The shaft of the motor 
carries an eccentric load weighing 0.4 lb. Its center 
of gravity is at a distance of in. from the axis of 
rotation. The motor rotates with an angular velocity of 30 rad. 
per sec. Find the forced vibration of the platform. 

Solution: 

The vertical component of the centrifugal force of the eccentric is 
(0.4/3S6)(l/2)3(F sin 30? = 0.466 sin 30t lbs... if f = 0 is chosen when OJfi is 
horizontal. The force acting on the platform is F = ( — 151. or -f- 0.466 sin 30:) 
lbs. where s is the displacement of the platform from its static equilibrium 
position. The equation of motion of the platform is : 

— . § » F = - 151.5s -f 0.466 sin 3 Of, 
g 
or 

^ = - 900- f- 2.77 sin 30?. 
c;- 

This is the equation of a forced oscHlstion (§ 13$), with p 1 = 900, snd 
q = 30. Since p is equal to o. we have resonance, and the amplitude of the 
forced oscHlstion will grow indefinitely with time. 

z = 0.0 iSi cos so: {90' phase differer.ee with the position of the eccentric). 



Hpr'iy k t j 726. The following method is 

i o jfer -j ^p F\jrj~pL used to determine the moment of 

_ | ^ h I — I inertia of a connecting rod about- 

I G < its center of gravity. A thin pin is 

iMl? passed through the wrist-pin bush- 

ing and the rod is permitted to 
oscillate about this horizontal axis. The duration of 50 complete 
oscillations is 100 sec. The distance AC = h between the 


point of suspension and the center of gravity of the rod is 
found bv suspen din g the point A from a crane and placing the 
cr ank end of the rod on the platform of a scale, as shown in the 
sketch. The rod is held horizontal and the scale indicates a 
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weight of p = 100 lbs The distance AB between pm centers is 
I = 3 ft , the weight of the rod is Q = 100 lbs The radius of the 
wnst-pm bushing is r = 1 5 inches Find the moment of inertia 
J c of the connecting rod about an axis passmg through the center 
of gravity in a direction parallel to the wnst-pm bushing 

Ans I c = 150 m lb see 1 

727. The suspension point of a mathematical pendulum of 
length l moves vertically with a uniform acceleration Find the 
penod of small oscillations of the pendulum under two conditions 
(1) When the acceleration of the suspension point is upward and 
has any value p (2) When the acceleration of the suspension 
point is downward with any value p < g 

(D T = <*) T = 2r 4f~j 

728 A mathematical pendulum of length OM = l 
' tf+TN is deflected through an angle a from its position of 
1" TOit equihbnum OA at time t = 0 Its v elocitj at that 
time is zero At this instant the suspension pomt 0, 
which can move vertically, has a velocity of zero and 
is starting to fall with a constant acceleration p > g Under 
these conditions, find the length s of the arc through uhich M will 
swing around O Ans s ~ 2l(v — a) 

7 29. A pendulum performs small oscillations m a car moving 
on a horizontal straight track The middle position of the pen- 
dulum is inclined to the vertical at an angle of 6° Find the 
acceleration a of the car Find the difference between the penod 
T of the pendulum under these conditions and its penod T i when 
the car is standing still Ans a — 3 38 ft /sec *, T Tj = 0 997 

730 A G-lb weight C is attached to the upper end 
A of a flexible vertical rod AB A honzontal force 
of 0 6 lb will deflect the upper end of the rod 1 in 
The support at the lower end of B oscillates hon 
zontallj with an amplitude of 0 040 m and a frequency 

of cycles per second Tind the amplitude of the 
forced oscillation of C 
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Sohdicr,; 

The equation of motion is: 

~ ~ 0-6(~ — rj, — = — 0.1 cr 0.004gsm-~L 
This is the equation of forced vibration (§ 13S): 


p= = O.lp, h = 0.004f, ? = ff* 

, 0.004o 

Anp. — - = 0A6 \ r.. 


0.1c 


( 1 . 1 )* 



731. A body M, weighing tr lbs., hangs on a spring 

AB, the upper end of which is moving along the 

vertical line OA so that its position is x = a cos nt. 

The length of the spring unloaded is ?; q lbs. stretches 

the spring 1 in. The initial velocity of M is zero. 

Assuming the spring to remain in tension throughout 

the oscillation, find the forced motion of M. 

, aoo . 

Ana. ari = — —*■=■ — ; cos nt. 
oo — ten* 



^ttS^rrrm p^ od 

t A- i£N ^ l4^4jl niiden 


F- 


732. The following instru- 
ment is proposed to record the 
acceleration of a steam engine 
A weight A, rolling on 
guided wheels mounted on the 
cross head, is held in place by 
means of a spring B. A pencil C 


attached to A makes a record on a chart moving at right angles to 
the motion of A on drum D which is also carried on the cross head. 
Relative motions between A and C are recorded. A weighs Q 
oz.; the spring characteristic is / oz. per in.; the free length of the 
spring is l in. A clockwork drives the drum so that the paper 
moves at the rate of 1 in. per sec. The motion of the cross head 
is x = (a -r 10 cos 20?) in. Find the equation of the graph traced 
by the pencil. _ 

a* = A « (\f + D ) +fr^m t:os 
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733. The suspension point of a pendulum of 
length l oscillates horizontally so that its distance 
from a fixed point 0 is given by the equation 
00\ = a sin pi. At time t — 0 the pendulum is 
at rest. Find the motion of the pendulum, the 
amplitude being small. 

Ans - * = Wy =T' ( Bln Ti ~ v ^f n 4 l ) ' 


734. A bar magnet 2a cm. long and 2b cm. wide weighing m 
grams rests on a pivot at its center of gravity. "When it is dis- 
placed through a small angle from its position 
g . of equilibrium in the north and south direction, 
it oscillates in the field of terrestrial magnetism. 
The horizontal component of the magnetic field 
has an intensity of H gausses. The magnetic moment of the 
magnet, which is the product of the pole strength and the distance 
2 a between the poles, is A dyne-cm. per gauss,_ Find the motion 
of tho magnet. 


Ans. tf> = $ o sin 


in W 


3 HA 

m(o* -h b 1 ) 


t + t) 


735. A horizontal bar magnet ns rests on a pivot at its center 
of gravity. It is placed in a uniform magnetic field of intensity 
II , which rotates at a constant angular velocity w. The magnetic 
moment of the magnet is A ; its moment of inertia about the axis 

of rotation is I. The center line of the magnet is 
at an angle 0 from the NS direction of the field and 
makes an angle <£ with a fixed horizontal line in tho 
s’jf 0 ) plane SON. At time t - 0, the magnet is rotating at 
the same angular speed as the field and forms an angle 
0 O with the NS direction of the field. 0 O is small ; hence 
wo may use sin 0o = 6 0 . Find the motion of the magnet. Find 
the length of the mathematical pendulum which oscillates in the 
gravitational field with the same frequency as the magnet oscillates 
in the rotating magnetic field. 

Ans. <f> = ul -f 0o cos l = 

736. The coil BC of a galvanometer is suspended on a thin 
thread AB between the poles of a magnet. It carries two small 
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cups outside the magnetic field. The distance 
between the centers of the cups is 2a. The coil 
is shorted through a resistance. Two balls of 
radius r and weight w are placed in the cups; the 
coil is turned in the magnetic field and released. 
The coil oscillates with a period Ti; the ratio 
between successive deviations from the position 
of equilibrium is e~ l1 . "When the cups are empty 
the period of oscillation is T 2 and the ratio of 
deviations is e -6 -. The twisting moment of the 
thread is 1:6, where k is a constant and 6 is the 
angle of twist.. The moment of air friction and 
of electric damping is 72 ioj in the first case and n 2 a in the second 
case, (c is the angular velocity of the coil. Find the moment of 
inertia of the coil with respect to its axis of rotation. Find the 
values of the coefficients k, n u and n 2 . Determine their numerical 
values when Ti = 11 sec.; Si = 0.13; T 2 = 4.5 sec.; S 2 = 0.30; a 
= l.SS cm.; r = 0.5 cm. and w = 4 grams. 

Ans. I = 6.03 gr. cm. 2 ; k — 2.94 dyne-cm./radian; 7ii — 0.85 
dyne-cm./rad. per sec.; n« = O.SO dyne-cm./rad. per sec. 

737. A vertical shaft A drives a disc B 
through a spring D. The disc slides on a 
fixed plate C. The angular velocity of the 
shaft is a. The moment of inertia of B with 
respect to the axis of the shaft is I. For a 
twist of one radian the twisting moment in the 
spring is n. The moment of friction / be- 
tween the disc and the plate is constant. Find the relative 
motion between the disc and the shaft.. 

Ans. 6 - $ = « sin (\§ 1 ) _ //**• 

30. Impact. 

f I A 1 738. The hammer A of an impact machine falls from 

pOpI a height of 16.1 ft. and strikes an anvil B mounted on 
| | B | springs. The weight of the block is 20 lbs.; the weight 
f r=H| of the anvil is 10 lbs. Find the velocity after impact of 

V.«l the anvil and hammer moving together. 

Ans. 21.5 ft./sec. 
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739. The anvil of a steam hammer and the forging on it have 
a total weight of 500,000 lbs. The hammer weighing 24,000 lbs. 
falls on the forging with a velocity of 15 ft. per see. Find the 
work Si absorbed by the forging and the work Si lost in vibrations 
of the foundation. Ans. Si = 79,900 ft.-lbs.; Sj = 3840 ft.-lbs. 


740. Find the ratio of weights mi and m 2 of two balls in the 
following cases: (1) One ball is at rest. The other ball strikes it 
centrally and stops while the first ball moves away. (2) Tho 
balls meet with equal and opposite velocities. After the central 
impact the second ball stops. The coefficient of restitution is k 
in both cases. Ans _ 2> = k; (2) „ 1 + 2 k. 

K ' mi ' ' mi 

741. Three ivory balls M u M if and Mi 
are suspended on thin rigid wires with their 
centers on the same level. The balls touch 
each other; the radii of the balls arc in tho 
ratio 3:2:1. M i is deflected through an 
angle a x in tho piano of the suspending 
threads and dropped. The coefficient of 
restitution is k *= 0.9. Find the angle a 3 through which the ball 
Mi will move. Find the values of ai such that tho ball M% will 
return on the arc on which it swings outward. 




Ans. (1) sin = 2.47 sin ^ ; (2) «i < 48°. 



with Afj and then have 


742. Three identical billiard balls 
Jlfi, Mi, and Mi of radius rest on a 
table. Tho balls can bo considered 
as perfectly elastic. C\Ci = a. Find 
the line AB perpendicular to CiCt on 
which to place Mi so that when it is 
sent in the direction AB it will collide 
a central impact with Jlfj. 

Ans. BCi «= 4iP/a. 



743. Two balls move with parallel and 
equal velocities v in opposite directions. 
At the instant they collide tho velocities are 
directed at an angle a with the line of 
centers CiCj. The mass of C\ is twice tho 
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mass of C-z and the coefficient of restitution is 0.5. Find the 
velocities i\ and r» of the balls after impact. 

Solution: 

Tee components of velocity of C 2 and of C« perpendicular to line CiC- are 
r- = rsinc (§§ 144, 145). 

Consider the motion in the direction CiC-_; if r' and c" are the ini tial veloci- 
ties, and it' and it" are the final velocities, we have 

Ahr cos a — Af> cos a = Ahit' -f- Af.v", 

(it' — u") = — 0.5[r cos ct — (— r cos c)T, 

AI : = MMi, 
r cos a = 2n' -f- is", 
r cos c = it" — t/, 

it’ = 0 u" = r cos a. 

Thns Ci moves normal to line CiC. with a velocity r sin a, and C : moves 
with a component of velocity normal to CiC* equal to r sin a and a component 
toward the right equal to r cos <z. 

The velocity of C; is r. = r, at an angle (ISO* — a) to C-jCi. 

744. The pendulum of an impact testing machine 
consists of a steel disc of 4 in. radius and 2 in. thick 
suspended on the end of a round steel rod B, O.S in. in 
diameter and 36 in. long. The test piece is placed so 
that the direction of impact is horizontal. At what 
distance l from the horizontal plane containing the 
avis of rotation 0 must the test- piece be placed to keep 
the pin 0 from experiencing any impact when the 
blow is delivered? Ans. 1 = 39 in. 

745. Two pulleys rotate in the same plane with angular veloci- 
ties t-’i.o and Find the angular velocities of the pulleys on 

and o> after a belt is thrown over them. Consider the pulleys 
as uniform discs of equal thickness but of radii Ri and Rz, and 
neglect- the effects of belt slippage. 

, f?i 4 ei.o -r F s^en.o . ,, _ . ~r f?c 4 fcn.o . 

Ans. on - » ' 3 i? 2 (i?i s + f? 2 3 ) 

746. A ballistic pendulum used to determine shell velocities 
consists of a cylinder AB suspended on a horizontal axis 0. The 
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A cylinder is open at one end .4 and is filled with 
sand The weight of the pendulum is Af, its 
center of gravity C is at a distance OC - h 
from the axis of rotation 0, the radius of gyra 
tion with respect to 0 is h A shell striking 
b the open end of the cylinder imbeds lt^lf in 
}c the sand and rotates the pendulum around 0 
— through an angle a The weight of the shell 
is in, its distance from 0 is OD = a Find the 
v elocitj i of the “hell when it struck the pendulum, assuming 
that the pm 0 does not experience anj impact, l e , ah — l' 

. 2 (m + ma) fg M 

A ns v = — “a|™ sm a/2 

m \a 

\ N. 747. A solid prism with a square base stands on 

c j a horizontal plane It is hinged about the edge AB 
. on the plane The height of the prism is 3a and 
P' s * — the base is a on a side, the weight is3w A ball of 
^ - * weight to strikes the middle of the side C with a 

velocity r The impact is inelastic and the ball imbeds itself in 
the prism just at the surface at C Find the velocity t for which 
the pnsrn will just tip over Ans i = J $V53 ga 

Ar- 748 A flat car carrying a load AB 

c r a nms on level rails with a ■velocity v At 

* Jg * B there is a cleat prev cnting the load from 
(V) / 0 \ shpping forward on the car but not hm 

— — - S denng rotation about the edge B The 

weight of the load is p, its center of 
gravity C is at a distance h above the floor of the flat car, 
CB = a, the radius of gyration of the load with respect to B is /„ 
72r<? Sat car strikes an obstacle rrhich stops it instantly Find 
the angular velocity u of the load around B at the instant of 
impact 
Solu.unu 

The angular momentum of the body about B does not vary during the 
impact (5 144) Before the impact the angular momentum was (p g)rh 
after the impact it was Iu where I «= (p/p)i* is the moment of inertia of the 
load about B, and « is its angular v elocity just after the impact. Then 
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749. Assume that the load in the previous problem is a uniform 
right rectangular prism 12 ft. long on the side which is parallel 
to the track and 9 ft. high. Find the velocity v with which the 
load will just tip over B. Am. v = 18.3 mi./hr. 


750. At a given instant the 
center of cylinder A of 2 ft. diam- 
eter has a downward velocity par- 
allel to the plane of 15 ft./sec. 
(a) How far will the center of A 
move before stopping? (6) What 
is the tension in the cord BC dur- 
ing this time? Cylinder A rolls 
without sliding. Use: (1) force 
and acceleration method; (2) principle of work and kinetic energy; 
(3) principle of impulse and momentum. 

Ans. s — 10.5 ft.; T = 241 lbs. 

751. At a given instant, the body A has a velocity up the 
plane of S ft./sec. Determine how far body A will move before 
its velocity is reduced to 5 ft./sec. Find the tension in the 



cord Q during this time. Use: (1) force and acceleration method; 
(2) principle of work and kinetic energy; (3) principle of im- 
pulse and momentum. Avs. s = S.3/ ft.; T = 244 lbs. 

ia J 752. A stone M lying on the top A of a 

smooth hemispherical dome of radius R is given 
an initial velocity v 0 . Where will it leave the 

-j AA !— surface of the dome? At what value of v 0 will 

it leave the dome as soon as it starts to move? 
6 = cos -1 {% -f i'o-jSgR). It will leave the dome as it 
starts if i? 0 is VgE. 


31. Review Problems. 



A?is. 
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753 A body consists of a rod AB, 32 in long,weigh- 
a mg 2 lbs , and a disc of radius 8 in , weighing 4 lbs 
At time t = 0, the rod is v ertical, the center of gravity 
‘ ’ of the rod Mi has a \ elocity of zero and the center of 
B gravity M j of the disc has a \ elocity of 12 ft per sec 

/jrV directed honzontally to the nght Find the con- 
sequent motion of the body under the action of gravity 
alone 

Ans The path of the center of gravity is a parabola 
5 =* — 0 2511 s The angular velocity w = Grad per sec 
754 Two balls Mi and M*, weighing pi - A lbs and p t - 2 
lbs , are connected by a rod 2 ft long At time t = 0, the rod is 
horizontal, Mi has a velocity zero and the velocity of Mi is 
ii — 2ir ft per see directed vertically upward Neglect air re- 
sistance, the weight of the rod, and the dimensions of the weights 
Find the motion of the weights under the action of gravity, the 
distances hi and h t of the weights from the horizontal line through 
their original position at f = 2 sec , and the tension in the rod 
A ns y - %vit — g 1*1 2 is the motion of the center of gravity 
The balls move around their center of gravity with 
an angular v elocity of o *= x rad /sec At t = 2 sec , 
h\ — hi — fi = — 56 ft 

755. The coefficient of rolling fnction of a ball on an inclined 
plane is/ Find the maximum v alue of the angle a of inclination 
of the plane for which the ball will roll down without sliding 

A ns a £ tan' 1 



756 A triangular prism ADC of weight P 
is placed on a smooth horizontal plane A 
cylinder 0 of weight p rolls down the face 
AB without slipping Tind the motion of the 
pnsm 


Ana The prism mov es to the left with an acceleration 


gp sin 2q 

2 P cos 1 a + (i J + p)(l + - Sin 1 a) 



757. A beam AB of length 21 and of 
weight Q is hinged at B and held at A 
When released at A, it starts to fall, rotat- 
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mg around B. At the instant it is vertical, the end B is released. 
Find the path of the center of gravity and the angular velocity 
a in the subsequent motion. 

Ans. A parabola y- = 3 lx — 3l : ; u = -J—- 

*21 


y— ■ j 






758. A rod AB of length 2a is suspended at 
A) the end B just clears the floor. The rod is 
given an initial angular velocity a 0 and the end 
A is released at the instant the rod reaches a 
horizontal position. The subsequent motion of 
y " f the rod is under the action of gravity alone. 

Find the initial angular velocity a 0 for which the rod, while 
falling, will strike the floor in a vertical position. 


Solution: 

Using the principle of work and kinetic energy (§ 119a), we find that the 
angular velocity of the bar for the instant at which it is released is given by 

2 - «o') = — TTa. I a = g — a-. «o* = «- + gj’ 

From the instant the bar is released, it continues to move with the 
angular velocity a (§ 131). The center of gravity of the bar (§ 132) moves 
in a vertical line with an acceleration a y = — g and an initial velocity t'o = aa, 
and we have 

tv, = — gl + r o = — gl + aa, 
y = i gF + out 4~ yo — — ^ gtr 4- oust 4- 2a. 

In order for the rod to strike the floor in a vertical posiiion, the rod must 

2k + 1 

turn through an angle ~/2, 3~/2, 5v/2, * • • — g — l- — 0, 1, 2, 3, • • •, 


aT 


2k 4- 1 

2 


T = 


2k 4- 1 

2a 


Substituting t his value of T in the equation for y, since y — a when l T, we 
find 


£ r 

2k 4 - 1 

,T+«( a , + 1 ' 

Iw4-2a, 

2 L 

2a 

J \ 2“ > 

f 

3 9 




2a 

> 



Cx3(T 

1 1 

II 

+ (2fc4- l)-+2 J 

, k = 1 
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759 A thin bar magnet of length 21 
and weight P, with its poles at its two 
ends, lies on a horizontal plane with the 
poles of an electromagnet directly above and below it When 
the electromagnet is excited, a uniform field of intensity H acts 
on the bar magnet When II > P/2, the rod will move Tind 
the maximum value of H for which one end of the bar magnet 
will stay on the plane throughout the motion Assuming that 
the south pole rests on the plane during the motion, find the path 
of the north pole when the field forces are directed upward 
Tind the velocity of the center of gravity and the angular velocity 
of the bar magnet m its vertical position 
Ans (1) H S 7/12 P (2) An ellipse with semi axes l and 2 1 




760 A step ladder ABC , hinged at B, 
stands on a smooth horizontal floor AB 
= BC = 21 Each half of the ladder weighs 
p, the centers of gravity arc in the mid points 
D and E The radius of gyration of each 
part with respect to its center of gravity is 
L The hinge B is at a distance h abov e the 


floor The two parts of the ladder are held together by means of 


a rope FG The rope breaks and the ladder collapses Neglect- 


ing the effects of hinge friction, find the velocity of the point B 


at the instant it hits the floor 


Ans 



761 A ladder AB leans against a smooth ver- 
V tical wall and stands on a smooth horizontal floor 

( A. G It is placed with the angle <£ 0 — 60° and released 
Find the angular velocity of the ladder at tho 
qt\ instant £ = 45° and the angle <t> when the force 
\ — — on the wall becomes zero 

Ans a c= -^(smCO'-s m 45°), 
Pi =* 0 when <f> = 35°. 
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/62. iwo milh tones A. and B are mounted 
on a horizontal axis CD which rotates about 
a vertical axis EF. Each stone has a diam- 
eter of o ft. and weighs 400 lbs. The distance 
between the stones is CD = 3 ft. When the 
shaft hF rotates, the stones roll over a hori- 
zontal surface. Considering the stones as 


fiat discs, find their kinetic energy when EF rotates at a speed of 
20 r.p.m. Ans. E = 214 ft.-lbs. 



763. A cylinder C of radius r and weight IT 
rolls down a plane inclined at an angle a to the 
horizontal. A rope thrown over the cylinder 
carries at its free ends two loads ATj and AT. of 
weights ic L and ic z . The cylinder starts from rest. 
Find the angular velocity of the cylinder at the 
end of n revolutions. 


An-?, or 


2 -no _ (TT -r tCi -r tr ; ) sin g 4- tC; — ?r t 
r ^<W -r iri v t — ici) sin a 


764. A weight of 2 lbs. is suspended on 
a string 20 in. long., the other end of which 
is fixed at 0. The pendulum is displaced 
60° from its position of equilibrium to a 
position Af c . There it is given an initial 
velocity of 140 in. per sec. in a vertical 
plane, downward and normal to the string. 
Find the position 3h of the weight where 
the tension in the string is zero and the velocity Vi at this position. 
Find the path of the weight after this position is reached until 
the string is in tension again. 

Ar.s. Mi is located at 10.25 in. above line OD: = 66 in./sec. 
The path of the weight after it passes Mi is a parabola: the 
weight moves freely under the action of gravity. 

763. A helical slot with a pitch angle a is cut in the surface of 
a right circ ular cylinder which can rotate about its axis without 
frictional r esis tance. A small ball is put in the slot and rolls 
down along the helix. The weight of the cylinder is IF; its radius 
ss E and its moment of inertia can be taken to be (W[g)R~[2. 
The weight of the bail is tr: its distance from the axis can be 
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taken to be R. At the instant the ball starts to roll down, the 
cylinder is at rest. Find the angular velocity of the cylinder after 
the ball has fallen through a height h. 


Ati3. CO 


2u> cos a I 2gk 

R V(IF + 2to)(ir + 2w sin 1 a) * 


766. From a vertical pipe standing in the center of a fountain, 
water jets are thrown out at different angles $ to the horizontal. 
The fountain is filled to the brim and the pipe stands 3 ft. above 
the water level. Th e wat er leaves the small holes in the pipe 

with a velocity of \{ ^ ft. per sec.: g is the acceleration of 
J \ cos <t> 

gravity in ft./sec. 5 . Find the smallest radius of the fountain for 
which no water will be thrown over the edge of the fountain. 

A ns. R = S.4S5 ft. 


767. The bob of a clock pendulum carries a small weight, the 
position of which can be changed to give fine adjustments to the 
natural frequency of the pendulum. IT is the weight of the 
pendulum bob, h is the distance between the point of suspension 
and the center of gravity of the bob, and l is the length of the 
equivalent simple pendulum. The weight of the adjustable 
weight is w and x is its distance from the point of suspension. 
Find the change Al in the length of the equivalent pendulum for 
different values of w and x. Find the value of x = Xi for which 
a given change Al will be effected by a minimum additional 
weight it. 


768. A horizontal steel trough conveying coal oscillates back 
and forth; the period of motion is 4 sec. At the beginning of 
each period the velocities of the trough and the coal are both 
zero. The acceleration of the trough changes every quarter 
period, as shown in the acceleration-time diagram. The coeffi- 
cient of friction between steel and coal at rest is hi ■=■ 0-5 and 
in motion it is kt ~ 0.2. Draw the diagram of acceleration for 
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iiie coal, and tlie diagrams of velocity for tie trough and for tie 
coal. Tind tie distance tie coal advances during eaci period. 


Ans. 23 ft. 



. 7^9 Tie cvlinder. crank case, and bearings 

B of 3 vertical gi engine weigh 20,000 lbs. The 
niston weighs 1932 lbs. Its center o. gravitr 
nil is at B onthe center line BO. The stroke oi 

<7-?,rf? the piston is 2i in. and the 
ll U.\\\ 300 r.prm. The ratio of the crank radio* 

/: m to the connecting-rod length i i s 

I M,\\ The engine is held on its foundation by boiio C 

MfSMk which ie unstressed when the engrne » nos 

Find the masmnm force 'i ~ctm 
on tho'foondanon and the total tension T ® 

the bolts. Xedeet the effects of the weigh, of 
tne Do.t “ , Xedect all terms which 

tie crank and tie connect-iB., rod. - - jpad 

have factors of r/Z raised to tie seom or -- f 0Tces -prill not 
tie weight Q of foundation C suck 1 c 1 L ^ n.010 in. 

produce oscillations with an amphtu L = a 61L000 lbs. 

Ans. X = 82,000 lbs.: T — ehb.OOO ltx.. w 


\% 
u \\\ 


/iAlA 
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770 A particle M of weight w lbs mo\ cs 
on the smooth surface of a nght circular cone 
which has an angle of 90° at its -vertex A 
force of repulsion F, which is proportional to 
the distance OM , acts on the particle 

F = ~ OM lbs 
0 


At time t *= 0, M is at A, where OA = 2 in , and it has velocity 
to 2 in per sec directed parallel to the base of the cone Tind 
the motion of Af 


Arts r* *= e'* 4- e !l , tf> *= V2(tan _1 « 5< — jr/4) 


f 771 A smooth ring M weighing 1 oz slides 
without friction on a circular wire loop of radius 
R The plane of the loop is vertical The 
nng is attached to an elastic cord MO A which 
passes through an immovable smooth nng at 0 
and is fixed at A The unstretched length of 
MO A is OA The spnng characteristic of tho 
cord is Zb oz per inch elongation At time l = 0, 
M is at B in unstable cquihbnum A slight 
displacement to the nght starts it sliding down the wire Find 
the force exerted by the nng on the wire at any point 
Solution 



ring (5 118) We have 


The inertia forces and the applied forces 
acting on the ring arc in equilibrium Project all 
these forces on the direction of radius Oil/ Tho 
tangential inertia force /» has no component in 
that direction and the normal inertia force 1« is 
in equilibrium with the reaction N and the pro- 
jections of cord tension T and weight IF on OAf 
/« + N — IF cos 2£ — r cos $ " 0, 

A T cos <*> + IF cos 2<f> — /« 

But T - it 05f - 2Atf cos 

7, -* (Tr/j0(r*/7?) The velocity r of the ring M 

found from the work done by IT and T on lie 


i-r> - ir BC+ r 


kp dp “ 2R (IF -f- kR) Bin’ $ 



REVIEW PROBLEMS 


265 


and 


U = ^-40r+tB)aa*fr 


Substituting, we 2nd V = — (7,-5 -f 2TT — 3(IT -r- / : f?) cos 26}. Tbe force 
of tbe ring on tbe wire, with IT = 1 oz., is 

F = f:E — 2 — 3{1 -f- f:R) cos 86 oz. 

772. A string OM of length Z, fixed at 0, carries a 
body M of -weight p on its free end. At time t = 0, the 
pendulum is pulled to one side until OM is at an angle a 
to the vertical, and then it is released. During the mo- 
tion the string hits a wire 0 1 which is stretched normal 
to the plane of the motion of OM. The position of Oi in 
the plane is given by the distance 00 1 = h and the angle 
B. Find the minimum value of « at which the string 
will wind around Oi after it hits. Find the change 
Tz — T\ in the string tension at the instant of hitting the wire. 
Neglect- the wire dimensions. 

Arts, a = cos -1 1 ^ (3/2 ~ cos (5) — 3/2 j ; 



T. - T 1 


_ 

~ Z 


(cos B + 3/2). 


773. Part of a thread of total length L lies on a smooth hori- 
zontal table. The other part of length Z hangs over the edge of 
the table. When released, the thread slides off the table under the 
action of the weight of the hanging part. The initial velocity of 
the thread is zero. Find the time T taken by the thread to slide 
off the table. . „ /jff 

Vff Ls Z 


Arts. T = a/— log 


L -P <L- - F 


774. Two carriages Mi and M°, weigh- 
ing pi and p^ roll on rails AB and AC 
which are both inclined at- an angle a to 
the horizontal. The carriages are tied 
together by means of a cable of length ?. 
The cable passes over a pulley at- A. 
At time i = 0, Mi is at- a distance a from A and its velocity is 
zero. Assumin g the weight of the cable to be negligible and that 
pi >p- 2 , find the motion Si of M x . Assuming that the weight of the 
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cable is p per unit length and that pi > pi + pi, find the motion 
Si of Mi 


Pi + Pi 2 

„-a+ P ‘ ~ Pi ~, Pt + 2pa (<"' - «-■)*, 


where n 


4 


pg sin or 


2 pi + Pi + pl 



775 A thin rectangular board A-BCDof weightQ 
and height A B = 2 ft stands on two short headless 
nails E and F and leans against a wall AE — FD 
The board starts to fall with a negligible \clocity, 
rotating about AD What angle a will the board 
make with the wall at the instant it lea\ cs the nails? 

Ans a = 48° 


776 Two solid circular cylinders A 
and B, of weights pi and p» and radii r» 
and r t , ha\e two strings wound around 
them The cylinder A can rotate about 
a fixed axis The cylinder B starts from 
rest and falls under the action of gravity 
Find the angular velocities «i and « » of 
the two cylinders, the distance S traversed 
by the center Oj and the tension T in each 
string as a function of time Assume that the strings do not 
become completely unwound 



Tli?Pl + 2p t ) 

,C _ g(Pl ~b Pi) p rp 

3p» + 2p, * 2(3pi + 2p,) 


ri(3pi + 2pi) 
PiVt 


IV 



s. 




777. In the diagram shown AB is a 
vertical shaft with a ngid arm CD A 
uniform slender bar, weighing 16 1 lbs , 
is connected to the ngid arm CD by 
a smooth pm at D The entire system 
rotates at a constant speed about the 
vertical axis Calculate the angular ■ve- 
locity of the system and determine all 
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the forces acting on the hinged bar when the angle between the 
bar and the vertical is 60°. 

Arcs. cs = 5.56 rad. per sec.: Z> = = — 2T.Slbs.;D.. = -f 16.1 lbs. 

oSy l b/ 778. ^°^ ve Problem 442 for the case of 

1 curvec ^ vane5 - The radius of curvature of the 

) cyv J t trater channel at C is p and the angle between 
the radius of curvature and OC is 6. Find 
\ A / 1 7^'') the projection o r . of the acceleration on the di- 

I o @ — t rec ^lon of the velocity u. Find the moment M 

j / about the center 0 exerted by the force of the 
I particle C against- the smooth vane. The 

weisht of the particle is ic. . , , ic f u- „ \ . . 

Arts. A1 = — t ( 2 uu sm 6. 

9 \ P J 

779. An experimental railroad track extends North and South. 
An electric car weighing 200,000 lbs. runs north at a speed of 126 
mi. per hr. Find the Coriolis acceleration a K T and the corre- 
sponding force on the rails when the locomotive is at a latitude 
of 45° N. Arcs. 118 lbs. 

780. A river half a mile wide flows 
northward with a velocity of 3 mi. per hr. 
Find the Coriolis acceleration at the lati- 
tude 60 = N. At which bank will the water 
level be higher? How much higher? 

Arcs. The level will be higher at the right 
bank by 0.045 ft. 



781. Alocomotive weighing 120,000 lbs. runs at a speed of 60 ft. 
per sec. along a track which extends East and West- at a latitude of 
30" North. Find the Coriolis acceleration of the locomotive 
and the corresponding additional force on the rail. Arcs. 17.1 lbs. 



782. A body M weighing 3 lbs. moves on a 
rough plane inclined at an angle a — tan -1 3V. 
It has a constant pull exerted on it by a string 
parallel to AB. After a certain time the mo- 
tion becomes uniform and rectilinear; the com- 
ponent of velocity parallel to AB is 12 in./sec. 


The coefncient of friction is 0.1. Find the component of velocity 


r normal to AB and the tension T in the string. 

Arcs, r = 4.24 in./sec.: T = 0.2S lb. 



APPENDIX 

TABLE OE EXITS 


Length: 

1 mile = 52S0 ft. = 1.609 km. 

1 foot = 12 in. = 30.4S cm. 

1 inch = 2.540 cm. = 25.40 mm. 

E el&dly: 

1 mile per hour = SS ft. per minute = 1.467 ft. per sec. 

1 foot per sec. = 0.304-S meters per sec. 

1 cm. per sec. = 0.032-S ft. per sec. 

Acceleration: 

1 rule per hour per sec. = 1.467 ft. per sec. per sec. = 1.467 it.s'sccJ. 
Acceleration of gravity g = 32.2 it ./sec 4 = 3S6 in. /sec. - 
= 9. SO meters/sec. 1 
= 9S0 cm./sec. : (approximately). 


t era: 

1 pound = 16 ounces = 0.454 kg. 

1 short ton = 2000 lbs. 

I long ton = 2240 lbs. 

1 metric ton = 1000 kgs. = 2205 lbs. 


1 pound-foot = 12 pound-inches = 0.13S3 kg.-m. = 13.S3 kg. -cm. 
Work cr.d Energy: 

1 foot-pound = 12 inch-pounds = 0.13S3 kg.-m. = 13.S3 kg.-cm. 
1 BTU = 777.5 foot-pounds. 

1 kilogram calorie = 426.6 kg.-m. 


Poieer: 

1 horse pomer = 550 foot-pounds per second 

= 33.000 foot-pounds per minute. 

1 metric horsepovrer = 0.9S63 horsepo ver = 75 kg.-m. per second. 
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